Dispersion and transport in turbulent pipe flow / by El-rifai, Mustafa,
This dissertation has been 65—10,797 
m icrofilm ed exactly as received
EL-RIFAI, Mustafa, 1934- 
DISPERSION AND TRANSPORT IN TURBULENT 
PIPE FLOW.
The U niversity of Oklahoma, Ph.D., 1965 
Engineering, chem ical
University Microfilms, Inc., Ann Arbor, Michigan
THE UNIVERSITY OP OKLAHOMA 
GRADUATE COLLEGE
DISPERSION AND TRANSPORT IN TURBULENT PIPE PLOW
A DISSERTATION 
SUBMITTED TO THE GRADUATE. PACULTY 
i n  p a r t i a l  f u l f i l l m e n t  o f  t h e  r e q u i r e m e n t s  f o r  t h e






DISPERSION AND TRANSPORT IN TURBULENT PIPE PLOW
APPROVED BY
< ■  # y 4 _  C .
DISSERTATION COMMITTEE
ACKNOWLEDGEMENTS
T h is  work i s  d e d i c a t e d  t o  my f a t h e r  f o r  many 
p e r s o n a l  and  pe rm an en t s a c r i f i c e s .  H is  i d e a l s  and  e a r l y  
t e a c h i n g s  w ere  m o t i v a t i n g  and  i n s p i r i n g .
I  am g r a t e f u l  t o  P r o f e s s o r  Jon  H. O lso n ,  U n iv e r ­
s i t y  o f  D e la w a re ,  f o r  h i s  many c o n t r i b u t i o n s  t o  t h i s  work. 
D r. O lson  h e lp e d  me r e f i n e ,  e l u c i d a t e  and  sh a p e  many o f  
t h e  i d e a s  p r e s e n t e d  h e r e  and  was most g e n e ro u s  w i th  h i s  
t im e  i n  f r e q u e n t  i n s p i r i n g  d i s c u s s i o n s .
T hanks a r e  a l s o  due t o  John  A. B e u t l e r ,  J r . ,  
D u P o n t 's  E n g in e e r in g  D e p a r tm e n t ,  f o r  m aking i t  p o s s i b l e  
t o  u se  t h e  I .B .M , 7070 co m p u te r .  The m a t e r i a l  p r e s e n t e d  
i n  C h a p te r  V would n o t  have  been  p o s s i b l e  w i t h o u t  t h i s  
h e lp .
The a u t h o r  w ish e s  t o  th a n k  h i s  co m m ittee  f o r  
t h e i r  e n c o u ra g e m e n t .  Thanks a r e  due t o  P r o f e s s o r  C. M. 
S l i e p c e v i c h ,  Com mittee C hairm an, f o r  h i s  a d v ic e  and  g u i d ­
a nce  th r o u g h o u t  my g r a d u a te  work a t  Oklahoma U n i v e r s i t y ,  
P r o f e s s o r  M. McGuire f o r  r e v ie w in g  t h e  t h e s i s .  P r o f e s s o r  
R. L. H u n t in g to n  f o r  h i s  k in d n e s s  and e n c o u ra g e m e n t .  
P r o f e s s o r s  F . M. Townsend and  A. J .  W einheim er w ere  v e ry  
h e l p f u l  i n  many ways a t  v a r i o u s  s t a g e s  o f  my g r a d u a te  
s tu d y .
D r. W il l ia m  V ia v a n t  h e lp e d  me u n d e r s t a n d  t h e  
S t a t i s t i c a l  T h eo ry  o f  T u rb u le n c e .  D rs .  H. E. A ffs p ru n g  
and J .  D. P a lm er made many v a lu a b le  s u g g e s t i o n s  on th e
iii
c o n s t r u c t i o n  o f  t h e  e x p e r i m e n t a l  s e t - u p  o f  A ppend ix -B .
T h is  work was i n i t i a t e d  a t  The U n i v e r s i t y  o f  
Oklahoma; D r. J .  E . Powers was t h e n  i t s  r e s e a r c h  d i r e c t o r .  
I t  was c o m p le te d  u n d e r  t h e  d i r e c t i o n  o f  D r. Jo n  H. O lson  
w h i le  t h e  a u t h o r  was em ployed a t  D u P o n t 's  E x p e r im e n ta l  
S t a t i o n  (W ilm in g to n ) . Thanks a r e  due to  t h e  Management o f  
t h e  P io n e e r in g  R e s e a rc h  D i v i s i o n ,  p a r t i c u l a r l y ,  D r s .  W. E. 
J o r d a n  and  R. E. A l b e r t  f o r  t h e i r  t o l e r a n c e  and  g e n e r o s i t y ,  
None o f  t h i s  work i s  p r o p r i e t a r y  o f  DuPont o r  c o n n e c te d  
w i t h  t h e  a u t h o r ' s  d u t i e s  d u r in g  t h a t  p e r i o d .
The M o n c r ie f  F o u n d a t io n  and  C o n t i n e n t a l  O i l  
Company p r o v id e d  f e l l o w s h i p s  f o r  t h e  a u t h o r  d u r i n g  p a r t  




LIST OF TABLES.......................................................................................... v l l l
LIST OP ILLUSTRATIONS  ........................................................ I x
C h a p te r
I .  INTRODUCTION ......................................................................  1
I I .  EDDÏ DIPPUSIVITY AND EDDY VISCOSITY
IN THE TURBULENT CORE ................................................. 7
Prob lem  Review ..........................................................  7
Eddy D l f f u s i v l t y  ................................................. 7
Eddy D l f f u s i v l t y  E q u a t i o n s .............................  10
A n a ly s i s  and T re a tm e n t  o f  D a ta ......................... 12
Eddy D i f f u s i o n  D a ta   .............................  12
A G e n e r a l i z e d  Eddy D l f f u s i v l t y  
C o r r e l a t i o n ...............................................................  l 4
E m p i r i c a l  E x p r e s s io n  o f  t h e  M ixing
L e n g t h .................................................. ......................  l 6
P e c l e t  Number ..........................................................  26
C o n t r i b u t i o n  o f  M o le c u la r  D i f f u s i o n
t o  Eddy D i f f u s i o n .................................................  29
Eddy V i s c o s i t y  I n  t h e  C o re . . . . . . .  31
T u r b u le n t  Schm idt and  P r a n d t l
Numbers o v e r  t h e  C o r e .......................................  39
Summary o f  C o n c lu s io n s  and R e s u l t s .  . . .  40
V
C h a p te r  Page
I I I .  RELATING TURBULENT DIFFUSION IN THE CORE
TO EULERIAN TURBULENCE PARAMETERS............................  42
I n t r o d u c t i o n  t o  T u rb u le n c e  T h e o ry .  . . . .  42
Review o f  t h e  P ro b lem ................................................  53
P re v io u s  M ixing L eng th  and  T u r b u le n t  
D i f f u s i o n  T h e o r i e s ................................................  54
P re v io u s  A ttem p ts  t o  r e l a t e  E u l e r l a n
and L a g ra n g la n  S t a t i s t i c a l  P r o p e r t i e s  . 65
P roposed  T heo ry  and M o d e l-T u rb u le n t
D i f f u s i o n  by M ic ro sc o p ic  D e fo rm a tio n  . . .  68
P h y s ic a l  C o n s i d e r a t i o n s  .................................. 68
D evelopm ent o f  M ic ro sc o p ic  D e fo rm a tio n  
T heory  by E x te n s io n  o f  P r a n d t l ' s  T heo ry  73
C om parison o f  T heory  w i th  E x p e r im e n ta l  
D a ta .  . . .  .......................................................... 80
D i s c u s s i o n ........................................................................  90
Summary o f  C o n c lu s io n s  ...........................................  97
IV . TURBULENT DIFFUSION IN NONISOTROPIC
PIPE FLOW. .  ....................................................   100
Review o f  P e r t i n e n t  E q u a t i o n s .............................  101
Mean V e l o c i t y  D i s t r i b u t i o n .............................  101
Eddy V i s c o s i t y ..........................................................  105
P o in t  Eddy D l f f u s i v l t y . ..................................  106
A Prop osed  E q u a t io n  f o r  N o n l s o t r o p lc
Eddy D l f f u s i v l t y  I n  t h e  T u r b u le n t  R egion  . I l 4
V. COMPUTATION OP AXIAL MIXING FROM NONISOTROPIC 
TURBULENT DIFFUSION AND VELOCITY DISTRIBUTION 
CORRELATIONS.......................................................................   . 124
Problem  Review ............................................................... 124
v l
C h a p te r  Page
A n a ly s i s  o f  P ro b le m .........................................129
Summary o f  V e l o c i t y  and Eddy 
D i f f u s i v i t y  D i s t r i b u t i o n s .......................... 153
I n t e r p r e t a t i o n  and D i s c u s s io n  o f  
R e s u l t s ....................................................................... 134
Summary o f  C o n c l u s i o n s ................................. l4 8
V I. CONCLUSIONS.............................................................  151
BIBLIOGRAPHY........................  .  ............................................... 154
NOMENCLATURE..............................................................  I 63
APPENDICES
A. DETERMINATION OP TURBULENT DEFORMATION 
PROM TURBULENCE MEASUREMENTS............................ I 69
B. EXPERIMENTAL DETERMINATION OP AXIAL 
MIXING IN TRANSITION PLOW......................................175
Problem  R e v i e w .................................   175
A p p a ra tu s  and  P r o c e d u r e .................................177
R e s u l t s ..................................................................   186
T re a tm e n t  and D i s c u s s io n  o f  E x p e r i ­
m e n ta l  M ix ing  R e s u l t s ......................................I 87
C. EFFECTS OF PULSE THICKNESS AND SLIT 
THICKNESS ON PULSE RESPONSE IN LAMINAR 
PLOW...................................................................................... 194
Review and  S ta te m e n t  o f  P rob lem . . . 194
D evelopm ents  and  C o m p u ta tio n s  . . . 196
D e r i v a t i o n s .................................................... 196
C o m p u ta t io n a l  R e s u l t s  ..........................  203
D i s c u s s io n  o f  R e s u l t s ..................................... 205
D. TEST OP DEPENDENCE OP TURBULENT 
DIPPUSIVITY ON MOLECULAR DIPPUSIVITY . . 212
vii
LIST OP TABLES
T a b le  Page
I .  Eddy D l f f u s i v l t y  D a t a .......................................................... l 8
I I .  E x p e r im e n ta l  C o n d i t i o n s  o f  Eddy D l f f u s i v l t y
D a ta  o f  T a b le  I ........................    20
I I I .  D a ta  o f  Sherw ood an d  W o e r tz ......................................   . 23
IV. A verage Pec l e t  Number D a t a ...........................................  28
V. M o le c u la r  P r o p e r t i e s  o f  t h e  System s o f
T a b le  1 ............................................................................................. 34
V I. Eddy V i s c o s i t y  D a t a ............................................................... 38
V I I .  Mean S q u a re  D e f o rm a t io n s  Computed from
T u rb u le n c e  D a t a .........................................................................  83
V I I I .  D lm e n s io n le s s  T u r b u le n t  D e fo rm a t io n  v e r s u s
Eddy D l f f u s i v l t y  Number...................................................... 89
IX . T u r b u le n t  D i s s i p a t i o n  D a t a ...........................................  99
X, Mean V e l o c i t y  D i s t r i b u t i o n s ...........................................  1Ô2
X I. Eddy V i s c o s i t y  D i s t r i b u t i o n s  ......................................  I 06
X I I .  T e s t  f o r  F u n c t i o n a l  Form o f  I s o t r o p y  D a ta .  . . 117
X I I I .  D l f f u s i v l t y  an d  V e l o c i t y  E q u a t io n s  Used
I n  D i f f e r e n t  P ro g ra m s . ......................................................  136
XIV. Summary o f  E x p e r im e n ta l  C o n d i t i o n s  . . . . . .  189
XV. P u ls e  R esponse  D a t a ............................................................... 190
XVI. V a lu e s  o f  P a r a m e te r s  Used I n  D i f f e r e n t
C o m p u ta t io n a l  R u n s ................................................................ 204
v l l l
LIST OF ILLUSTRATIONS 
F ig u r e  Page
1 . C o r r e l a t i o n  o f  Eddy D i f f u s i v i t y  D a ta ......................... 17
2 .  C o r r e l a t i o n  o f  S e l e c t e d  Eddy D i f f u s i v i t y  D a ta  . 21
3 .  Eddy D i f f u s i v i t y  Number C a l c u l a t e d  from  W oertz*s 
E q u a t io n  and  Compared w i t h  P r e s e n t  C o r r e l a t i o n
o f  D i f f u s i v i t y  D a ta  .  ...................................................... 22
4 .  P e c l e t  Number v s .  R e y n o ld s  Number .............................. 27
5 .  A P l o t  o f  R eyno lds  Number v s .  D lm e n s io n le s s
D i f f u s i v i t y ,  o C ç j / lÇ g ...............................................................  32
6 .  A P l o t  o f  T u r b u le n t  P e c l e t  Number v s .
M o le c u la r  Schm id t Number................................................  . 33
7 .  C o r r e l a t i o n  o f  Eddy V i s c o s i t y  D a t a , ........................  37
8 .  T u r b u le n t  V e l o c i t y  S p e c t r u m ...........................................  43
9 .  L o n g i t u d i n a l  and  L a t e r a l  E u l e r i a n  C o r r e l a t i o n
C o e f f i c i e n t s .....................................................  48
10 . E u l e r i a n  C o r r e l a t i o n  C o e f f i c i e n t  and
M i c r o s c a l e .......................................................................................  48
11 . O s c i l l o s c o p e  T ra c e s  o f  Two Anemometer S i g n a l s
Showing V a ry in g  D e g ree s  o f  C o r r e l a t i o n .................... 49
1 2 . D e te r m in a t io n  o f  th e  E x p e c te d  Number o f  Z ero  
V e l o c i t i e s  p e r  Second  from  S a n d b o m 's
S p ec tru m  D a t a ..............................................................................  84
1 3 . Eddy D i f f u s i v i t y  Number v s .  D lm e n s io n le s s
T u r b u le n t  D e fo rm a tio n  ........................................................... 88
1 4 . A p p l i c a t i o n  o f  L o c a l  I s o t r o p y  T h eo ry  t o
T u r b u le n t  D i f f u s i o n ............................................... ". . . . 98
ix
Figure Page
1 5 . C om parison  o f  N u n n e r’ s  E q u a t io n  w i th
L a u f e r ‘s D a ta ..................................................................................... 103
1 6 . R a t io  o f  B u lk  Average V e l o c i t y  t o  A x ia l
V e l o c i t y  a s  a  F u n c t io n  o f  R eyno lds  Number, . . . 104
1 7 . T u r b u le n t  V i s c o s i t y  o v e r  t h e  T u r b u le n t  R egion  
C a l c u l a t e d  from  D i f f e r e n t  V e l o c i t y  
D i s t r i b u t i o n s .   ..................................................................   I 08
1 8 . T u r b u le n t  V i s c o s i t y  D i s t r i b u t i o n  N ear t h e  W all
a t  Re = 5000   ..................................................  109
1 9 . T u r b u le n t  V i s c o s i t y  D i s t r i b u t i o n  N ear t h e  W all
a t  Re = 20000, . . . . . . . . . . .  ............................  110
20 . D egree  o f  I s o t r o p y  a t  D i f f e r e n t  R a d ia l
P o s i t i o n s ....................... ................................................................... 116
21. R a d ia l  D i s t r i b u t i o n  o f  Eddy D i f f u s i v i t y  
( E q u a t io n  4 - 2 7 ) .  . . . . . . . . .  .......................   . 121
22. D i s t r i b u t i o n  o f  R a d ia l  Eddy D i f f u s i v i t i e s  
and  T u r b u le n t  V i s c o s i t y  a t  Re= 3000  f o r  W ater
P l o w .........................................................................................................122
2 3 . D i s t r i b u t i o n  o f  R a d ia l  Eddy D i f f u s i v i t i e s  
and  T u r b u le n t  V i s c o s i t y  a t  Re= 5000 f o r  W ater
P l o w ................................................    123
24 . Computed L o n g i tu d in a l  D i s p e r s i o n  Number f o r
W ate r  Plow a t  Re= 3770 ...........................................................   139
2 5 . R a d ia l  C o n t r ib u t i o n s  t o  A x ia l  M ixing  a t
Re = 3 7 7 0 ............................................................................................... l4 o
2 6 . R a d ia l  C o n t r ib u t i o n s  t o  A x ia l  M ixing a t  
D i f f e r e n t  R eyno lds Numbers (P rogram  5 0 6 ) . . . .  I 4 l
2 7 . R a d ia l  C o n t r ib u t i o n s  t o  A x ia l  M ixing a t  
D i f f e r e n t  R eyno lds  Numbers (P rogram  506) . . . .  142
2 8 . Computed L o n g i tu d in a l  D i s p e r s i o n  Number a t  
D i f f e r e n t  R eyno lds N u m b e r s ...........................................   . 143 .
2 9 . R a d ia l  C o n t r i b u t i o n s  t o  A x ia l  M ixing -
L i n ' s  E q u a t io n s .   ....................................................   . 144
X
Figure Page
3 0 . V a r i a t i o n  o f  ^  w i th  R a d ia l  P o s i t i o n ............................... I 50
3 1 . Im proved  P u ls e  I n j e c t i o n  D e v ice  ...................................  182
3 2 . P i s to n - T y p e  P u ls e  I n j e c t o r .  .............................................  I 83
3 3 . P h o t o m u l t i p l i e r  C i r c u i t  .......................................................  l 8 4
3 4 . P h o to m e te r  C a l i b r a t i o n  C urves  ........................................  185
35* P u ls e  R esponse  D a t a .......................................................................188
3 6 . A x ia l  M ix ing  D a ta  f o r  L iq u i d  Plow I n
S t r a i g h t  Smooth P ip e s  .  .......................................................193
3 7 . I l l u s t r a t i o n  o f  S lu g  P a s s a g e  th r o u g h  t h e
S i l t  a t  D i f f e r e n t  S t a g e s ............................................................197
3 8 . Computed P u ls e  R esponse  D ia g ra m s .........................................206
3 9 . E f f e c t  o f  P u ls e  T h ic k n e s s  on P u ls e  R esponse  . . 207
4 0 . E f f e c t  o f  S i l t  T h ic k n e s s  on  P u ls e  R esp o n se . . . 208
x l
DISPERSION AND TRANSPORT IN TURBULENT PIPE FLOW
CHAPTER I  
INTRODUCTION
A c c o rd in g  t o  t h e  k i n e t i c  t h e o r y  o f  g a s e s ,  m o le ­
c u l e s  move i n  s t r a i g h t  l i n e s  i n  a n  e r r a t i c  d i s c o n t i n u o u s  
m o tio n  w i th  sud den  ch an g es  i n  d i r e c t i o n  c a u se d  by f r i c t i o n -  
l e s s  c o l l i s i o n s  t h a t  do n o t  i n v o lv e  t h e  d i s s i p a t i o n  o f  
k i n e t i c  e n e rg y  i n t o  h e a t .  The m o le c u l a r  d i f f u s i o n  c o e f f i ­
c i e n t  can  be e x p r e s s e d  i n  te rm s  o f  t h e  s t a t i s t i c a l  mean 
v e l o c i t y  and  t h e  mean f r e e  p a th .  The m o le c u la r  v e l o c i t y  
obeys a  c e r t a i n  s t a t i s t i c a l  d i s t r i b u t i o n .
E v e r  s i n c e  R eyno lds  made h i s  w e l l  known v i s u a l  
o b s e r v a t i o n  o f  t h e  i r r e g u l a r  m o tio n  o f  a  c o lo r e d  t r a c e r  
i n j e c t e d  i n  a  t u r b u l e n t  s t r e a m ,  w h ich  he c a l l e d  " s i n u s o i d a l  
m o t io n ,"  many s c i e n t i s t s  have  b een  i j i t r i g u e d  by th e  n a t u r e  
o f  t u r b u l e n c e  and  t h e  s i m i l a r i t y  b e tw e e n  t u r b u l e n t  m o tio n  
and  m o le c u l a r  m o tio n .  I n  c o n t r a s t  t o  t h e  Brow nian m o tio n  
o f  m o le c u le s ,  t u r b u l e n t  m o tio n  i s  c o n t i n u o u s ,  n o n p a r t i c u l a t e ,  
and- d i s s i p a t i v e  i n  n a t u r e . .  T h a t  i s ,  t h e  k i n e t i c  e n e rg y  i s  
p a r t l y  t r a n s f o r m e d  i n t o  h e a t  due t o  t h e  v i s c o s i t y  o f  t h e  
f l u i d .  The p a ra m e te r s  o f  m o le c u l a r  m o tio n  and  t u r b u l e n t
1
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m o tio n  a r e  w id e ly  d i f f e r e n t  i n  t h e i r  o r d e r  o f  m a g n i tu d e .
F o r  i n s t a n c e ,  t h e  s i z e  o f  th e  s m a l l e s t  t u r b u l e n t  eddy  i s  
n o t  l i k e l y  t o  be l e s s  t h a n  one m i l l i m e t e r  com pared t o  a  
mean f r e e  p a th  o f  g a s e s  u n d e r  a tm o s p h e r ic  c o n d i t i o n s  o f  
th e  o r d e r  o f  10~^ mm. T u r b u le n t  f l u c t u a t i n g  v e l o c i t i e s  
a r e  n o r m a l ly  l e s s  th a n  30 f . p . s .  a s  opposed  t o  1500  f . p . s .  
f o r  t h e  mean m o le c u la r  v e l o c i t y  o f  a i r .  F o r  g a s  f l o w ,  t h e  
t u r b u l e n t  d i f f u s i v i t y  i s  a b o u t  tw e n ty  t im e s  th e  m o le c u l a r  
d i f f u s i v i t y .
The m ix ing  l e n g t h  t h e o r y  o r  momentum t r a n s f e r  
t h e o r y  was f i r s t  p ro p o se d  by P r a n d t l .  By a n a lo g y  t o  m o le ­
c u l a r  d i f f u s i o n  t h e o r y ,  P r a n d t l  e x p r e s s e d  th e  t u r b u l e n t  
d i f f u s i v i t y  a s  a  p ro d u c t  o f  v e l o c i t y  and  a m ix in g  l e n g t h  
t h a t  c o r r e s p o n d s  t o  t h e  mean f r e e  p a th .  He th e n  assum ed 
t h a t  t h e  m ix in g  l e n g t h  may be e x p r e s s e d  a s  a  f u n c t i o n  o f  
th e  mean v e l o c i t y  g r a d i e n t .  P r a n d t l ,  i n t u i t i v e l y ,  d e s c r i b e d  
p h y s i c a l l y  t h e  m ix in g  l e n g t h  i n  te rm s  o f  th e  i d e n t i t y  and 
c o m p o s i t io n  o f  a  f l u i d  p a r t i c l e .  L a t e r  o n , G. I .  T a y l o r  (84) 
ad v an c ed  h i s  t h e o r y  o f  d i f f u s i o n  by  c o n t in u o u s  movement i n  
w hich  t u r b u l e n t  d i f f u s i o n  was e x p r e s s e d  i n  te rm s  o f  L a g ra n g ia n  
m ix in g  l e n g t h  and  v e l o c i t y  p a r a m e t e r s . L a g ra n g ia n  t u r b u l e n t  
p a r a m e te r s  e x p r e s s  th e  m o tio n  o f  a  h y p o t h e t i c a l  f l u i d  p a r t i c l e  
a s  i t  t r a v e l s  th ro u g h  t h e  f lo w  f i e l d  w h i le  r e t a i n i n g  i t s  
i d e n t i t y ,  e x c e p t  f o r  p o s s i b l e  ch an g e s  c a u se d  by m o le c u l a r  
d i f f u s i o n .  The m ain sh o r tc o m in g  o f  T a y l o r ' s  t h e o r y  i s  
t h a t  L a g ra n g ia n  v a r i a b l e s  a r e  n o t  d i r e c t l y  m e a s u ra b le  and
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can  be o n ly  e v a l u a t e d  from  a c t u a l  t u r b u l e n t  d i f f u s i o n  d a t a .
I n  t h e  E u l e r i a n  dom ain , t h e  v a r i a t i o n  o f  some 
p r o p e r t y  i s  c o n s i d e r e d  w i th  r e s p e c t  t o  a  f i x e d  sp a c e  c o o r d i ­
n a t e  sy s te m . E u l e r i a n  t u r b u l e n c e  v a r i a b l e s  can  be d i r e c t l y  
d e te rm in e d  by means o f  h o t  w i re  eq u ipm en t o r  from  th e  t u r b u ­
le n c e  sp e c t ru m . S e v e r a l  e m p i r i c a l  a t t e m p t s  have been  made 
r e c e n t l y  t o  b r i d g e  t h i s  gap  by r e l a t i n g  L a g ra n g ia n  v a r i a b l e s  
t o  E u l e r i a n  t u r b u l e n c e  v a r i a b l e s  ( 3 , 4 , 5 5 , 5 8  ) .  I n  view  o f  
th e  c o m p le x i ty  o f  t h e  p rob lem  and  o u r  l i m i t e d  know ledge o f  
t h e  s t a t i s t i c a l  f u n c t i o n s  d e s c r i b i n g  t h e  t u r b u l e n t  m o t io n ,  
t h e  p rob lem  o f  e x p r e s s i n g  t h e  r a t e  o f  t u r b u l e n t  t r a n s p o r t  
o f  a  t r a n s f e r a b l e  q u a n t i t y  i n  te rm s  o f  t h e  t u r b u l e n t  v e l o c i t y  
f i e l d  rem a in s  u n s o lv e d .
T h is  work d e a l s  w i th  eddy d i f f u s i o n  and a x i a l  m ix in g  
i n  f u l l y  d e v e lo p e d  t u r b u l e n t  p ip e  f lo w  w h ich  i s  i n c o m p r e s s i b le  
and n o n d e ca y in g  ( s t e a d y ) . The c e n t r a l  c o re  a p p ro x im a te s  t h e  
s im p le r  c a se  o f  s t a t i o n a r y  i s o t r o p i c  t u r b u l e n c e  t h a t  i s  homo­
geneous  i n  two d i r e c t i o n s .  T u rb u le n c e  i n  t h e  o u t e r  r e g i o n  i s  
n o n i s o t r o p i c  w hich  i s  c o n s i d e r a b ly  more d i f f i c u l t  t o  t r e a t .
The r e s u l t s  o b t a in e d  h e re  a p p ly  t o  m a ss , h e a t , o r  
momentum t r a n s f e r  i n  any  g a s  o r  l i q u i d  f lo w  s a t i s f y i n g  th e  
above c o n d i t i o n s .  T u r b u le n t  d i f f u s i o n  and  c o n v e c t iv e  
m ix in g  a r e  o f t e n  e n c o u n te r e d  i n  many c h e m ic a l  e n g in e e r i n g  
a p p l i c a t i o n s  such  a s  t u b u l a r  c h e m ic a l  r e a c t o r s ,  p ip e  l i n e  
f lo w ,  m ix in g  v e s s e l s ,  g a s  a b s o r p t i o n  and  s o l v e n t  e x t r a c t i o n  
co lum ns, e t c .
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The p r i n c i p a l  o b j e c t i v e s  o f  t h i s  work w e re :
•  To r e l a t e  m a t e r i a l  and  t h e r m a l  t u r b u l e n t  d i f f u s i v i t i e s  
f o r  i s o t r o p i c  t u r b u l e n t  p ip e  f lo w  t o  m e a s u ra b le  E u l e r i a n  
t u r b u l e n c e  p a r a m e t e r s .  T h is  w ould  a l s o  r e l a t e  t h e  E u l e r i a n  
and  L a g ra n g ia n  dom ains s i n c e  t u r b u l e n t  d i f f u s i o n  i s  a 
L a g ra n g ia n  p r o p e r t y .
•  To f i n d  a more g e n e r a l  n o n i s o t r o p i c  r e l a t i o n s h i p  
b e tw een  t u r b u l e n t  d i f f u s i o n  and  E u l e r i a n  t u r b u l e n c e  p a r a ­
m e t e r s ;  t u r b u l e n c e  i s  n o n i s o t r o p i c  o v e r  m ost o f  t h e  p ip e  
( o u t e r  and  w a l l  r e g i o n s ) .
•  To f i n d  a g e n e r a l i z e d  eddy  d i f f u s i v i t y  c o r r e l a t i o n  
f o r  t h e  c e n t r a l  c o re  o f  g a s  o r  l i q u i d  p ip e  f lo w .
•  To i n v e s t i g a t e  t h e  c o n t r i b u t i o n s  o f  v a r i o u s  r a d i a l  
e le m e n ts  t o  o v e r a l l  a x i a l  m ix in g  i n  t u r b u l e n t  p ip e  f low  
u s in g  T a y l o r ' s  n u m e r ic a l  a n a l y s i s  ( 8 8 ) .
The p r e s e n t a t i o n  d e a l s  w i th  t u r b u l e n t  d i f f u s i o n  i n  t h e  
i s o t r o p i c  c o re  and  th e  n o n i s o t r o p i c  o u t e r  and  w a l l  r e g i o n s  
i n  t h i s  o r d e r .  I t  t h e n  e x te n d s  t o  i n c l u d e  t h e  c o n v e c t iv e  
e f f e c t  i n  a  s t u d y  o f  a x i a l  m ix in g  t h a t  a p p l i e s  v a r i o u s  
n o n i s o t r o p i c  r a d i a l  d i s t r i b u t i o n s .  D e s p i t e  t h e i r  a p p a r e n t  
r e l a t i o n s h i p ,  t h e s e  t o p i c s  do n o t  s h a r e  t h ê  same t h e o r e t i c a l  
b a c k g ro u n d  and  r e q u i r e  d i f f e r e n t  m ethods o f  a n a l y s i s .  Each 
t o p i c  i s ,  t h e r e f o r e ,  p r e s e n t e d  i n  a  s e p a r a t e  c h a p t e r  co n ­
t a i n i n g  a p ro b lem  r e v ie w ,  d e v e lo p m e n ts  and  a n a l y s e s ,  and 
d i s c u s s i o n  o f  r e s u l t s .
I n  C h a p te r  I I ,  a  u s e f u l  g e n e r a l i z e d  eddy d i f f u s i v i t y
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c o r r e l a t i o n  I s  o b t a i n e d  from  a v a i l a b l e  c o re  eddy d i f f u s i o n  
d a t a .  Some i n t e r e s t i n g  r e s u l t s  a r e  r e p o r t e d  on t h e  n a tu r e  
o f  th e  m ix in g  l e n g t h ,  t h e  m u tu a l  in d e p e n d e n c e  o f  t u r b u l e n t  
and m o le c u la r  d i f f u s i o n ,  t h e  dependence  o f  P e c l e t  number on 
R eyno lds  num ber, and o t h e r  e m p i r i c a l  c o re  e q u a t i o n s  f o r  
eddy v i s c o s i t y  and t u r b u l e n t  P r a n d t l  num ber.
C h a p te r  I I I  d e a l s  w i th  r e l a t i n g  t u r b u l e n t  d i f f u s i o n  
t o  m e a s u ra b le  E u l e r i a n  t u r b u l e n c e  p a r a m e te r s .  T h is  c h a p t e r ' s  
f i n d i n g s  a r e  b e l i e v e d  t h e  m ost im p o r t a n t  o f  a l l  t h e  r e s u l t s  
r e p o r t e d  i n  th e  t h e s i s .  An e q u a t io n  i s  o b t a i n e d ,  on th e  
b a s i s  o f  a  p o s t u l a t e d  p h y s i c a l  d e f o r m a t io n  m o d e l ,  t h a t  r e ­
l a t e s  i s o t r o p i c  t u r b u l e n t  d i f f u s i v i t y  t o  e n e rg y  d i s s i p a t i o n  
r a t e  and  p ip e  d i a m e te r .
N o n l s o t r o p lc  t u r b u l e n t  d i f f u s l o h  i s  t r e a t e d  b r i e f l y  
i n  C h a p te r  IV • An e q u a t i o n  i s  p ro p o se d  f o r  eddy  d i f f u s i v i t y  
a s  a f u n c t i o n  o f  r a d i a l  p o s i t i o n  o v e r  t h e  e n t i r e  p ip e  c r o s s  
s e c t i o n .
The c o n t r i b u t i o n  o f  d i f f e r e n t  r a d i a l  e le m e n ts  t o  
a x i a l  m ix in g  i s  i n v e s t i g a t e d  i n  C h a p te r  V u s in g  v a r i o u s  
eddy d i f f u s i v i t y ,  eddy v i s c o s i t y ,  and  v e l o c i t y  d i s t r i b u t i o n s  
d i s c u s s e d  i n  C h a p te r  IV.
F i n a l l y ,  a d d i t i o n a l  r e s u l t s  and d e v e lo p m e n ts  t h a t  
a r e  n o t  n e c e s s a r i l y  p a r t  o f  t h e  t h e s i s  a r e  i n c l u d e d  a s  
a p p e n d ic e s .  A ppendix B r e p o r t s  some e x p e r im e n ta l  r e s u l t s  
o b t a i n e d  h e r e  on a x i a l  m ix in g  i n  t r a n s i t i o n  f l e w .  Appendix C 
d e a l s  w i th  t h e  e f f e c t s  o f  p u l s e  t h i c k n e s s  and  s l i t  t h i c k n e s s
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on p u l s e  r e s p o n s e  o b ta in e d  by d e te r m in in g  th e  a v e ra g e  con ­
c e n t r a t i o n  a c r o s s  t h e  e x i t  p l a n e ,  f o r  l a m in a r  f lo w  h a v in g  
n e g l i g i b l e  d i f f u s i o n  e f f e c t .
CHAPTER I I
EDDY DIPPUSIVITY AND EDDY VISCOSITY IN THE TURBULENT CORE
Problem  Review
Eddy D l f f u s i v l t y
D e te r m in a t io n  o f  Eddy D l f f u s i v l t y  
from  P o in t  S o u rc e  D a ta_____________
The t u r b u l e n t  d i f f u s i o n  o f  a  t r a c e r  from  a  s t e a d y  
p o i n t  s o u rc e  o f  n e g l i g i b l e  s i z e  I s  d e s c r i b e d  by t h e  f o l l o w ­
in g  e q u a t i o n :
1 lio c  r M  ^  i_ C  _  U ^  = 0 ( 2 - 1 )
r 6m  Jr)   ̂ dx2 3x
Where :
C = t r a c e r  c o n c e n t r a t i o n  a t  p o s i t i o n  r  
= r a d i a l  eddy d l f f u s i v l t y  
= a x i a l  eddy  d l f f u s i v l t y  
r  = r a d i a l  d i s t a n c e  from  p ip e  a x i s  
U = mean v e l o c i t y  a t  a  d i s t a n c e  r  from  p ip e  a x i s  
X s a x i a l  d i s t a n c e  from  s o u rc e  
I n  o r d e r  t o  s o lv e  t h i s  e q u a t io n  a n a l y t i c a l l y ,  t h e  f o l lo w in g  
s i m p l i f y i n g  a s s u m p t io n s  a r e  u s u a l l y  made:
(a )  At s u f f i c i e n t l y  h ig h  R eyno lds  n um bers , t h e  v e l o c i t y  
p r o f i l e  a c r o s s  t h e  c e n t r a l  t h i r d  o f  t h e  p ip e  I s  f l a t .  
I . e . ,  U = U Q # f ( r ) .
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(b )  S in c e  t h e  c o n c e n t r a t i o n  g r a d i e n t  i n  t h e  a x i a l  d i r e c t i o n  
i s  much s m a l l e r  t h a n  t h e  r a d i a l  g r a d i e n t ,  t u r b u l e n t  
d i f f u s i o n  i n  t h e  a x i a l  d i r e c t i o n  i s  i g n o r e d .
( c )  I s o t r o p y  and  two d im e n s io n a l  h o m o g en e ity  a r e  assum ed 
t o  a p p ly  th r o u g h o u t  t h e  c o re  i n  v iew  o f  t h e  f l a t  
v e l o c i t y  p r o f i l e . 1 The r a d i a l  d i f f u s i o n  c o e f f i c i e n t  
a c r o s s  t h e  c o r e  i s ,  t h e r e f o r e ,  c o n s i d e r e d  in d e p e n d e n t  
o f  r .
By m aking  t h e s e  a s s u m p t io n s .  E q u a t io n  ( 2 - 1 )  r e d u c e s  t o :
e®0 . «C dc :  à c  ( 2 - 2 )
â ; ?  +  — 3 ?
oCg i s  t h e  a v e r a g e  eddy  d i f f u s i v i t y  i n  th e  c o re  c a l c u l a t e d  
a ssu m in g  n e g l i g i b l e  a x i a l  d i f f u s i o n .  The b o u n d a ry  co n ­
d i t i o n s  w h ich  a p p ly  a r e :
C r  0 a t  s s 00
a s  s - » 0  Q = -4Ts^ûÇj àC
Fs
a t  r  = 0 ÔC = 0 
r  s  a  "Sr
The above  e q u a t i o n  h a s  t h e  f o l l o w i n g  known 
a n a l y t i c a l  s o l u t i o n .
Where :
 H o (s -x )  (2 -3 )
4tto[^s ^
Q = f lo w  r a t e  o f  i n j e c t e d  t r a c e r
Uq = a x i a l  mean v e l o c i t y  
s  = \ /  r^-f- x^
Towle an d  Sherwood (92 ) made t h e  f o l l o w in g
^The d e g r e e  o f  i s o t r o p y  was a s  low a s  75^  i n  some 
c o re  i n v e s t i g a t i o n s .
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s i m p l i f i c a t i o n  f o r  l a r g e  v a lu e s  o f  x :
s i n c e  r 2  = s^  -  x2
and  s - x  = r2  
8+X
F o r  l a r g e  v a lu e s  o f  x ,  s = x
I t  f o l lo w s  t h a t  :
C = a  (2 -4 )
4-rr«cs
T h is  e q u a t io n  r e p r e s e n t s  v e r y  w e l l  t h e  a c t u a l  
e x p e r im e n ta l  c o n c e n t r a t i o n  p r o f i l e  o v e r  m ost o f  t h e  t u r b u ­
l e n t  r e g i o n .  N ear th e  w a l l ,  t h e  c o n d i t i o n s  o f  i s o t r o p y  and 
f l a t  p r o f i l e  do n o t  h o ld  and  t h e  a c t u a l  c o n c e n t r a t i o n s  a r e  
g r e a t e r  t h a n  t h o s e  p r e d i c t e d  by E q u a t i o n (2-4).
The eddy d i f f u s i v i t y , o Z c ,  i s  d e te r m in e d  from  t h e  
a s y m p to t i c  s lo p e  o f  a  p l o t  o f  t h e  v a r i a n c e  o f  t h e  G a u ss ia n  
d i s t r i b u t i o n  a s  a  f u n c t i o n  o f  x .  The v a r i a n c e ,  becomes 
a l i n e a r  f u n c t i o n  o f  x a f t e r  a s h o r t  d i s t a n c e  from  t h e  
a o u r c e .
= 2<=»^g  X
Uo
= !îa i ?  '  (2 -5 )
2 5x
The eddy d i f f u s i o n  c o e f f i c i e n t  d e te rm in e d  by t h i s  
m ethod i s  t h e  sum o f  t u r b u l e n t  and  m o le c u la r  d i f f u s i v i t i e s .  
M o le c u la r  d i f f u s i v i t y ,  h o w ev er ,  makes a n e g l i g i b l e  c o n t r i b u ­
t i o n  t o  eddy  d i f f u s i v i t y  s i n c e  i t  i s  much s m a l l e r  t h a n  t u r ­
b u l e n t  d i f f u s i v i t y  i n  t h e  c o r e .  F o r  g a s e s ,  t h e  m o le c u la r  
d i f f u s i v i t y  i s  a b o u t  3 -5  p e r  c e n t  o f  t h e  eddy d i f f u s i v i t y
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and i s  ev en  much s m a l l e r  f o r  l i q u i d s .  C o n s id e r in g  th e  
a c c u ra c y  o f  eddy d i f f u s i v i t y  d a t a  and t h e  e r r o r s  i n t r o ­
duced  due t o  t h e  s i m p l i f y i n g  a s s u m p t io n s ,  eddy and t u r ­
b u l e n t  d i f f u s i v i t i e s  i n  th e  c o re  can  be c o n s id e r e d  t o  be 
a p p ro x im a te ly  t h e  sam e. I n  c a se  o f  l i q u i d  m ercu ry  d a t a  (3 8 ) ,  
c o r r e c t e d  t u r b u l e n t  d i f f u s i v i t i e s  were u s e d .
Eddy D i f f u s i v i t y  E q u a t io n s  
Sherwood and  W oertz (78) p ro p o se d  a n  eddy d i f f u s i v i t y  
c o r r e l a t i o n  and  com pared i t  w i th  t h e i r  d a t a  on t h e  d i f f u s i o n  
o f  w a t e r  v a p o r  i n  a i r ,  COg, o r  h e l iu m  flow  i n  a  narrow  
r e c t a n g u l a r  d u c t :
= 0 .0 4  V a ^ n r "  (2 -6 )
Where :
V = The a v e ra g e  b u lk  v e l o c i t y
&o = W idth o f  d u c t  o r  d i s t a n c e  be tw een
p a r a l l e l  p l a t e s
f  z P a n n in g  f r i c t i o n  f a c t o r  
T h is  e q u a t i o n  was o b ta in e d  by w r i t i n g
= * c  =
V' ■ t h e  r o o t  mean s q u a re  f l u c t u a t i n g  v e l o c i t y
^  r  th e  m ix in g  l e n g t h
À. was o b t a i n e d  u s in g  P r a n d t l ' s  d e f i n i t i o n ,
U» = X  dU
ay  (2 -7 )
Sherwood and  W oertz  t r i e d  v a r i o u s  ways o f  e v a l u a t i n g  v ' and I
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and  f i n a l l y  ch o se  t h e  one t h a t  a g re e d  b e s t  w i th  t h e i r  d a t a ;
dU was o b t a i n e d  from  a  Von Karman v e l o c i t y  e q u a t i o n  and u '  
dy
was t a k e n  e q u a l  t o  w here  % i s  t h e  s h e a r  s t r e s s  and  p i s
N P
t h e  d e n s i t y ;  i . e .
T  = p  5 7
Huv ■ uv (2 -9 )
c rnp
-  t h e  c r o s s  c o r r e l a t i o n  c o e f f i c i e n t
F o r  i s o t r o p i c  t u r b u l e n c e  u* -  v ‘ , so v '  can  be w r i t t e n  a s
v ’ X   (2- 10)
P "uvIT,
Up t o  t h i s  p o i n t ,  t h i s  i s  e s s e n t i a l l y  a n o t h e r  way o f  d e t e r ­
m in ing  t h e  d i s t r i b u t i o n  o f  th e  eddy v i s c o s i t y ,  £  . T h is  
a p p ro a c h  h a s  a lw ay s  l e d  t o  z e ro  eddy v i s c o s i t y  a t  t h e  p ip e
a x i s  w hich  i s  known t o  be u n t r u e  , ( ' f , and  dU v a n is h
3y
a t  t h e  a x i s ) .  Sherwood and  W oertz were a b l e  t o  o b t a i n  
E q u a t io n  (2 - 6 )  by  assu m in g  c o n s t a n t  o v e r  t h e  c o r e  ( e q u a l  
t o  one) and  by t a k i n g  e q u a l  t o  t h e  maximum v'-î.v a lu e  
a t t a i n e d  a s  c a l c u l a t e d  from  E q u a t io n s  (2 -7 )  and  ( 2 - 1 0 ) ,  t h u s ,  
d i s r e g a r d i n g  t h e  d ip  i n  vV ^near t h e  c e n t e r .  T hese  maximum v ' i ,  
v a lu e s  w ere  s t i l l  lo w e r  t h a n  e x p e r im e n ta l  v a l u e s  d e t e r ­
mined i n  t h e i r  w ork . S h e rw o o d 's  e q u a t io n  i s  e s s e n t i a l l y  an  
eddy v i s c o s i t y  e q u a t i o n .  A lth o u g h  some o f  t h e  a s s u m p t io n s  
a r e  d i s p u t a b l e ,  t h e i r  a n a l y s i s  was n o t  c la im e d  t o  be fu n d a ­
m e n ta l  and  t h e  e q u a t io n  i s  a  s u r p r i s i n g l y  good c o r r e l a t i o n  
o f  eddy d i f f u s i v i t y  (See  F ig u r e  3 )-
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Emraert and  P lg f o r d  ( 2 2  ) r e c e n t l y  f i t t e d  Sherwood
and  W o e r t z 's  d a t a  f o r  g a s e s  by t h e  f o l lo w in g  a p p ro x im a te
e q u a t i o n :  =
36000% = 6 . 6x l 0 "^Re+0 .2  ( 2 - 1 1 )
A n a ly s i s  and  T re a tm e n t  o f  D a ta
Eddy D i f f u s i o n  D ata
The eddy d i f f u s i o n  d a t a  c o n s i d e r e d  h e r e  a r e  f o r  t h e  
t r a n s f e r  o f  mass o r  h e a t  i n  t h e  c o re  o f  f u l l y -  d e v e lo p e d  t u r ­
b u l e n t  N ew ton ian  p ip e  o r  d u c t  f lo w .  T u r b u le n t  d i f f u s i o n  o f  
momentum (eddy  v i s c o s i t y )  i s  t r e a t e d  s e p a r a t e l y  l a t e r  i n  
t h i s  c h a p t e r .  The te rm  eddy  d i f f u s i v i t y  i s  r e s e r v e d  f o r  
mass an d  h e a t  t r a n s f e r .  T h ro u g h o u t  t h i s  c h a p t e r  oc  ̂ i s  con­
s i d e r e d  i n d e p e n d e n t  o f  r a d i a l  p o s i t i o n ,  ©, i n  t h e  " i s o t r o p i c "  
t u r b u l e n t  c o re  ( t a k e n  one t h i r d  o f  t h e  p ip e  c r o s s  s e c t i o n ) . 
When d e a l i n g  w i th  p o i n t  eddy d i f f u s i v i t y  d a t a ,  cCq was t a k e n  
h e r e  e q u a l  t o  oc a t  6 = 0 .1 5  o r  0 . I 6 . The d a t a  t r e a t e d  h e r e  
a r e  f o r  g a s ,  w a t e r  and  l i q u i d  m e ta l  f low  o v e r  a r a n g e  o f  
R ey n o ld s  num ber b e tw ee n  5 ,0 0 0  and  6 8 4 ,0 0 0  ( T a b le s  I  and  I I ) .
B a ld w in  (3 )  r e p o r t e d  th e r m a l  eddy d i f f u s i o n  d a t a  
o b t a i n e d  by  t h e  t u r b u l e n t  d i f f u s i o n  o f  h e a t  from  a h o t  w ire  
p o i n t - s o u r c e .  Sherwood and  W oertz  ( 7 8 ) o b t a i n e d  t h e i r  d a t a  
from  t h e  eddy  d i f f u s i o n  o f  w a te r  v a p o r ,  f rom  a  w a t e r  f i l m  
f a l l i n g  a lo n g  t h e  w a l l s  o f  a  na rro w  r e c t a n g u l a r  d u c t ,  i n  gas  
f lo w .  R o ley  an d  P a h le n  ( 6 7 ) r e p o r t e d  p o i n t - s o u r c e  d a t a  f o r  
t h e  eddy  d i f f u s i o n  o f  c a rb o n  d i o x id e  i n  a i r .  The v a lu e  
l i s t e d  i n  T a b le  I  i s  a n  a v e r a g e  c o re  v a lu e  o f  d a t a  r e p o r t e d
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f a r t h e s t  from  th e  so u rc e  ( 90 i n c h e s ) .  T h e i r  d a t a  a t  
Re = 1 0 ,0 0 0  w ere  n o t  u sed  h e r e  b e c a u se  o f  s t e e p  v a r i a t i o n s  
i n  cxL n e a r  t h e  c e n t e r .
I s a k o f f  s t u d i e d  h e a t  t r a n s f e r  from  a  h o t  w a l l  t o  
t u r b u l e n t  l i q u i d  m ercu ry  f lo w  ( 3 8 ) ;  t h e  t u r b u l e n t  d i f f u s i o n  
d a t a  l i s t e d  i n  T a b le  I  w ere c o r r e c t e d  f o r  m o le c u la r  th e rm a l  
d i f f u s i v i t y  and  w ere  t a k e n  a t  an  l / d  r a t i o  o f  138 and  
0 = 0 . 1 5  ( V  = 1 . 2  X 10"^ f t ^ / s e c . ) .  John k  and  H a n r a t t y  (39)  
r e p o r t e d  " c o n s t a n t "  eddy d i f f u s i v i t y  d a t a  f o r  h e a t  t r a n s f e r  
i n  t h e  t u r b u l e n t  c o re  from  t h e  p ip e  w a l l .  T h e i r  d a t a  a r e  
i n c l u d e d  i n  T a b le  I ,  V  was c a l c u l a t e d  f o r  a n  a i r  t e m p e r a tu re  
o f  105” P .
Some o f  t h e  p o i n t - s o u r c e  d a t a  r e p o r t e d  i n  th e  
l i t e r a t u r e  w ere  l e f t  o u t  s i n c e  t h e y  w ere  n o t  t a k e n  u n d e r  
c o n d i t i o n s  t h a t  p e rm i t  a c c u r a t e  d e t e r m i n a t i o n  o f  t h e  t u r ­
b u l e n t  d i f f u s i o n  c o e f f i c i e n t .  F o r  e x am p le ,  M ic k e ls e n  (58)
—5"
r e p o r t e d  d a t a  n e a r  t h e  s o u r c e  t h a t  d i d  n o t  e x te n d  f a r  
enough t o  w here  t h e  a s y m p to t ic  s lo p e  may be a c c u r a t e l y  
d e te r m in e d .  M cC arte r  e t  a l .  ( 56) r e p o r t e d  eddy c o n d u c t i v i t y  
d a t a  u n d e r  c o n d i t i o n s  t h a t  gave  nonhcm ogeneous f lo w  i n  t h e  x 
d i r e c t i o n  due t o  e n t r y  e f f e c t  ( e n t r y  l e n g t h  was s i x  d i a m e t e r s ) .  
As t h e s e  a u t h o r s  p o i n te d  o u t ,  t h e  v a r i a t i o n  o f  w i th  x was 
o f  t h e  o r d e r  o f  50 p e r  c e n t  o f  t h e  lo w e r  v a lu e .  D a ta  r e p o r t e d  
by F r a n d o l i g  and  F a h ie n  ( 27) on t h e  d i f f u s i o n  o f  c a rb o n  d io x id e  
i n  a i r  w ere  a l s o  x d e p en d e n t  i n d i c a t i n g  t h e  p r e s e n c e  o f  e n t r y  
e f f e c t .  D a ta  r e p o r t e d  by F l i n t ,  Kada and  H a n r a t t y  (25) f e l l
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a b o u t  60  p e r  c e n t  lo w e r  t h a n  th e  d a t a  o f  o t h e r  I n v e s t i g a t o r s  
w hich  was r e c o g n iz e d  by t h e s e  a u t h o r s .
A G e n e r a l i z e d  Eddy D i f f u s i v i t y  C o r r e l a t i o n
A g e n e r a l i z e d  eddy d i f f u s i v i t y  c o r r e l a t i o n  i s  d e v e l ­
oped i n  t h i s  s e c t i o n .  I t  i s  b a s e d  on a l l  m ass and  h e a t  
t r a n s f e r  d a t a  o f  T a b le  I  f o r  g a s ,  w a t e r  and  l i q u i d  m ercu ry  
f lo w .  I t  s h o u ld  a p p ly  t o  t h e  t u r b u l e n t  c o re  o f  f u l l y  d e v e l ­
oped N ew ton ian  f lo w  ( g a s e s  o r  l i q u i d s )  i n  sm ooth p i p e s  a t  
low mass t r a n s f e r  r a t e s  ( n e g l i g i b l e  e f f e c t  on th e  mean 
v e l o c i t y  d i s t r i b u t i o n ) . Some o f  t h e  d a t a  u se d  t o  o b t a i n  
t h i s  c o r r e l a t i o n  a r e  f o r  f lo w  be tw een  p a r a l l e l  p l a t e s  ( o r  i n  
na rrow  r e c t a n g u l a r  d u c t s ) , The same c o r r e l a t i o n  was fo u n d  t o  
a g r e e  w i th  open c h a n n e l  eddy d i f f u s i v i t y  d a t a  su c h  a s  th o s e  
o f  K a l in s k e  and  Van D r i e s t  ( 4 o ) ;  t h e s e  d a t a  w ere  n o t  i n c l u d e d ,  
ho w ever, when d e r i v i n g  t h e  c o r r e l a t i o n .
The b e s t  c o r r e l a t i o n  d e v e lo p e d  i n  t h i s  work was
o b t a i n e d  when p l o t t i n g  r e f e r r e d  t o  h e r e  a s  The Eddy
V
D i f f u s i v i t y  Number, v e r s u s  R eyn o lds  number on l o g a r i t h m i c  
c o o r d i n a t e s .  None o f  t h e  v a r i o u s  d im e n s io n le s s  q u a n t i t i e s  
ex am ined , w hich  in v o lv e d  V > Re and  D̂ ,̂ showed any  
c o r r e l a t i o n .
The c o r r e l a t i o n  l i n e  o f  a l l  t h e  d a t a  p l o t t e d  i n  
F ig u r e  1 was o b ta in e d  by t h e  l e a s t  s q u a r e  m ethod:
^  = 0 .0 0 9 8  (2 -1 2 )
V
C o r r e l a t i o n  c o e f f i c i e n t  -  0 .9 9 6 3
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The 95J^ c o n f id e n c e  l i m i t s  a r e  a l s o  shown i n  F i g u r e  1 . On 
t h e  b a s i s  o f  c o n f id e n c e  l i m i t s  c o m p u ta t io n s ,  t h e  s i g n i f i c a n t  
d e c im a ls  a r e  o n ly  t h o s e  g iv e n  i n  E q u a t io n  ( 2 - 1 3 ) :
=0.01 ReO 84 (2- 1 3 )
V
D e s p i t e  some s c a t t e r  due t o  I s a k o f f ' s  d a t a ,  t h e  
d a t a  o f  F i g u r e  1 c o r r e l a t e  r e m a rk a b ly  w e l l .  One s h o u ld  
b e a r  i n  m ind t h a t  t h e  d a t a  a r e  f o r  w id e ly  d i f f e r e n t  sy s te m s  
o f  mass and  h e a t  t r a n s f e r  and  f o r  b o th  c i r c u l a r  and  r e c ­
t a n g u l a r  c o n d u i t s .
A n o th e r  c o r r e l a t i o n  i s  r e p o r t e d  h e r e  t h a t  i s  b a s e d  
on s e l e c t e d  d a t a  ( F ig u r e  2 ) .  I n  v iew  o f  t h e  e x p e r i m e n t a l  
s c a t t e r  ’.n  I s a k o f f  *s l i q u i d  m e ta l  d a t a  and s i n c e  t h e  m o le ­
c u l a r  p r o p e r t i e s  o f  m e rc u ry  change  m ark ed ly  w i th  t h e  v e r y  
s l i g h t  c o n ta m in a t io n s  commonly e n c o u n te r e d  i n  h e a t  t r a n s ­
f e r  e x p e r im e n t s ,  t h i s  s e t  o f  d a t a  was n o t  i n c l u d e d .  B a ld w in 's  
h i g h e s t  p o i n t  was a l s o  e x c l u d e d .^  D a ta  o f  B e c k e r  e t  a l .  ( 8  ) ,  
Joh nk  and  H a n r a t t y ,  and  R o ley  and  F a h ie n  w ere n o t  i n c l u d e d  
e i t h e r  b e c a u s e  t h e  a u t h o r  was n o t  aw are  o f  t h e i r  e x i s t e n c e  
o r  b e c a u s e  t h e y  a p p e a re d  a f t e r  t h i s  work was c o m p l e t e d .2 
The r e s t  o f  t h e  d a t a  o f  T a b le  I  w ere  f i t t e d  by t h e  l e a s t
s q u a re  m etho d : _
^  = 0 .0 1 2  ReO'OZ (2 -1 4 )
V
C o r r e l a t i o n  c o e f f i c i e n t  -  0 .9 9 9 5
^A cco rd in g  t o  B a ld w in  ( p r i v a t e  c o m m u n ic a t io n ) ,  t h i s  
was t h e  f i r s t  p o i n t  d e te r m in e d  and  may n o t  have  b e e n  a s  a c c u ­
r a t e  a s  l a t e r  m ea su re m e n ts .  A ls o ,  e r r o r s  c a u se d  by  i n s t r u ­
m ent's r e s o l u t i o n  t im e  a r e  l a r g e r  f o r  h i g h e r  f lo w  v e l o c i t i e s .
2gee f o o t n o t e ,  page  16 .
16
The num ber o f  d e c im a ls  shown i n  E q u a t io n  (2 -1 4 )  i s  b a se d  
on 955  ̂ c o n f id e n c e  l i m i t s  c o m p u ta t io n s .
E q u a t io n  (2 -1 4 )  i s  recommended h e re  a s  t h e  most 
r e l i a b l e  e q u a t i o n  f o r  e v a l u a t i n g  m a t e r i a l  and  th e rm a l  eddy 
d i f f u s i v l t l e s  i n  t h e  t u r b u l e n t  c o re  o f  p ip e  f l o w .^
C om parison  w i th  Sherwood an d  W o e r t z 's  E q u a t io n
F i g u r e  3 com pares t h e  sm oothed  e x p e r im e n ta l  d a t a  
r e p o r t e d  by Sherwood and W oertz  (T a b le  I I I )  w i t h  t h e  same 
d i f f u s i v l t l e s  c a l c u l a t e d  from  t h e i r  p ro p o s e d  E q u a t io n  ( 2 - 7 ) ,  
and  t h e  c o r r e l a t i o n  l i n e  r e p r e s e n t i n g  E q u a t io n  ( 2 - 1 4 ) .  The 
p ro p o se d  E q u a t io n  (2 -1 4 )  f i t s  W o e r t z 's  d a t a  a s  w e l l  a s  a l l  
t h e  d a t a  o f  T a b le  I I  b e t t e r  t h a n  E q u a t io n  ( 2 - 7 ) .
E m p i r i c a l  E x p r e s s io n  o f  t h e  M ix ing  L eng th  
The eddy d i f f u s i v i t y  I s  o f t e n  w r i t t e n  a s  t h e  p r o d u c t  
o f  t h e  r o o t  mean s q u a re  ( r . m . s . )  f l u c t u a t i n g  v e l o c i t y ,  v ' ,  
an d  th e  m ix in g  l e n g t h ,  w h ich  I s  a l s o  c a l l e d  som etim es t h e  
L a g ra n g la n  I n t e g r a l  s c a l e .  A new e x p r e s s i o n  f o r  th e  m ix in g  
l e n g t h  c an  be o b t a i n e d  from  E q u a t io n  (2 -1 4 )  and  by u s in g  
S a n d b o r n 's  p ro p o s e d  c o r r e l a t i o n  f o r  v ’ ( 7 0 ) .
S a n d t o r n ' s  e q u a t i o n  I s  a  c o r r e l a t i o n  o f  e x p e r i ­
m e n ta l  d a t a  t a k e n  by him  and  o t h e r s  o v e r  a  w ide  ran g e  o f
^ A f t e r  I n c l u d i n g  d a t a  by  R o ley  and  F a h ie n ,  and 
Jo hnk  and  H a n r a t t y ,  t h e  same " s i g n i f i c a n t "  c o r r e l a t i o n  was 
o b t a i n e d :
= 0.012 ReO'82
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TABLE I  
EDDY DIFFUSIVITY DATA
Re cx-cf t ^ / s e c . ^ cV
S o u rc e  o f  D a ta
1 2 ,2 0 0 0 .0 0 4 5 2 8 .1 Towle and  Sherwood
2 4 ,6 0 0 0 .0 0 7 9 4 8 .8
5 7 ,4 0 0 0 .0 1 5 0 9 2 .9
1 8 0 ,0 0 0 0 .0 3 9 3 2 4 4 .0 -
2 4 1 ,0 0 0 -2 5 7 ,0 0 0 1 0 .0 5 4 3 3 5 .4 B aldw in  and  W alsh (
3 5 4 , 00 0 - 3 7 6 ,5 0 0 0 .0 7 2 4 4 7 .2
4 5 1 , 000 - 4 8 0 ,0 0 0 0 .0 8 8 5 4 6 .6
5 7 0 ,0 0 0 0 .1 2 0 7 4 0 .0
1 0 ,0 0 0 0 .0 0 3 9 2 2 4 .1 Sherwood and  W oertz
2 0 ,0 0 0 0 .0 0 7 0 4 3 .5
4 0 ,0 0 0 0 .0 1 2 2 7 5 .5
6 0 ,0 0 0 0 .0 1 6 2 1 0 0 .9
8 0 ,0 0 0 0 .0 1 9 6 1 2 1 .7
5 ,0 0 0 0 .0 0 0 1 4 1 3 .3 S e a g ra v e  and  F a h ie n
7 ,5 0 0 0 .0 0 0 1 9 1 7 .4
1 0 ,0 0 0 - 0 .0 0 0 2 3 2 1 .3
6 8 4 ,0 0 0 0 .1 5 5 9 4 5 .1 B e c k e r  e t  a l .  ( 8  )
1 8 ,0 0 0 0 .0 0 7 5 3 9 .4 Joh nk  and  H a n r a t ty
2 5 ,0 0 0 0 .0 1 0 2 5 3 .7
3 5 ,0 0 0 0 .0 1 3 4 7 0 .5
5 0 ,0 0 0 0 .0 1 6 0 8 9 .0
7 1 ,0 0 0 0 .0 2 4 9 1 3 1 .0
5 ,0 0 0 0 .0 0 2 1 1 3 .0 R oley  and  F a h ie n  (6
3 6 4 ,0 0 0 0 .0 0 0 5 0 413 I s a k o f f  ( 38)
3 7 3 ,0 0 0 0 .0 0 0 6 7 560
3 5 0 ,0 0 0 0 .0 0 0 5 9 500
3 4 6 ,0 0 0 0 .0 0 0 5 8 48o
3 6 8 ,0 0 0 0 .0 0 0 5 8 484
^R eyno lds  v i l u e s  w ere  c a l c u l a t e d  by two d i f f e r e n t  
m ethods from  th e  maximum mean v e l o c i t i e s  g iv e n  by t h e  a u t h o r .
^D ata  o b t a i n e d  by p l o t t i n g  W o e r tz 's  d i f f u s i v i t y  d a t a  
f o r  a l l  g a s e s  v e r s u s  a  m o d i f i e d  R eyn o ld s  number i n  w h ich  th e  
k in e m a t i c  v i s c o s i t y  o f  t h e  g a s  i s  c o r r e c t e d  t o  t h a t  o f  a i r  and 
r e a d in g  o f f  t h e  sm oothed  c u rv e .
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TABLE I - continued
Re
&-Q
f t 2 / s e c . «-C S o u rc e  o f  D a ta
2 8 5 ,0 0 0 0 .0 0 0 5 2 436 I s a k o f f  ( c o n t in u e d )
2 1 9 ,0 0 0 0 .0 0 0 3 9 329
1 8 5 ,0 0 0 0 .0 0 0 3 3 267
1 1 9 ,0 0 0 0 .0 0 0 1 7 1 3 7 .5
8 7 ,3 0 0 0 .0 0 0 1 2 100
TABLE II
EXPERIMENTAL CONDITIONS OF EDDY DIFFUSIVITY DATA OF TABLE I
Main­ T r a c e r Duct
S o u rc e  o f  D a ta s t r e a m o r
S o u rc e
Shape I n s i d e  
D i a m e te r , I n .
W all Remarks 
M a t e r i a l
Towle an d  Sherwood (92) A ir CO, P ipe 12 S t e e l
Sherwood and  W oertz  ( 7 8 ) A i r
COg
W ater  R e c ta n -  2 .0 8  x  24 
v a p o r  g u l a r  d u c t
D i t t o
G a lv an -  Re b a s e d  on 
I z e d  I r o n  e q u i v a l e n t  
d i a m e te r
He D i t t o
B a ldw in  (4) A ir H eat
s o u rc e
P ipe 8** s t e e l
S e a g ra v e  and  F a h ie n  (75) W ater F l u o r e s ­
c e i n  dye
P ipe 4 Copper OCq t a k e n  a t
^  « 0 .1 6€t
B e c k e r  e t  a l .  (8 ) A i r O l l f o g P ipe 7 .9 1 Aluminum
Jo hnk  an d  H a n r a t t y  (39) A i r H eat* P ip e 3 .0 8 S t a i n l e s s
s t e e l
R o ley  an d  F a h ie n  ( 6 7 ) A i r CO, P ipe 4** G a lv an ­
i z e d  s t e e l
I s a k o f f  ( 3 8 )
TV? - 1 -  i__ — S'
M ercury H ea t* P ipe 1 .5 S t a i n l e s s  OCg t a k e n  a t
s te e l 1  ^ 0 .1 5  
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FROM WOERTZ'S EQUATION AND COMPARED WITH 
PRESENT CORRELATION OF DIFFUSIVITY DATA
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TABLE I I I  
DATA OP SHERWOOD AND WOERTZ
Main S tre a m -  Re^ %  c m V se c .
A ir 1 1 ,1 0 0 3 .1 2 0 .2 2
2 5 ,8 0 0 6 .3 4 1 .1 0
4 0 ,2 0 0 9 .4 6 1 .3 2
5 6 ,2 0 0 1 2 .6 8 2 .1 9
6 9 ,0 0 0 1 5 .3 9 9 .8 0
7 9 ,9 0 0 1 7 .5 1 1 4 .16
COp 3 8 ,3 0 0 5 .1 5 7 .2 8
7 9 ,0 0 0 9 .5 1 0 6 .7
1 0 8 ,0 0 0 1 2 .5 1 4 0 .3 8
He 5 ,3 0 0 1 0 .1 8 .0 5
1 1 ,1 0 0 2 0 .6 1 6 .4 3
^R ey n o ld s  num ber was c a l c u l a t e d  by t h e  a u th o r s  
a ssu m in g  t h e  c h a r a c t e r i s t i c  d im e n s io n ,  d ,  t o  be  e q u a l  t o  
tw ic e  t h e  w id th  to*  T h is  i s  a  r e a s o n a b l e  a p p ro x im a t io n  
when t h e  b r e a d t h  i s  much g r e a t e r  t h a n  a©* T h ese  two dim en­
s i o n s  w ere  6 l  and  5 . 3  cms r e s p e c t i v e l y .
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R eyno lds  num ber, _q
W here:
C  = 0-144 (2-15)“O
u '  = The r . m . s .  f l u c t u a t i n g  v e l o c i t y  I n  t h e  f low  
d i r e c t i o n  a t  t h e  p ip e  a x i s
Uq r  The maximum v e l o c i t y  a t  p ip e  a x i s
a  = R ad ius
y  = K in e m a tic  v i s c o s i t y  
Assum ing i s o t r o p i c  t u r b u l e n c e  a t  t h e  p ip e  a x i s ,  one can  
w r i t e  ( s e e  C h a p te r  I I I )
V ’ = u '
T h is  c o n d i t i o n  was c l o s e l y  a p p ro a c h e d  th o u g h  n o t  c o m p le te ly  
s a t i s f i e d  i n  S a n d b o rn ’ s s e t - u p .  I t  i s  a l s o  c u s to m a ry  t o  
assum e t h a t  t h e  L a g ra n g la n  an d  E u l e r i a n  mean s q u a r e  v e l o c ­
i t i e s  a r e  e q u a l .  The m ix in g  l e n g t h  o r  L a g ra n g la n  i n t e g r a l
s c a l e ,  can  be w r i t t e n  a s  f o l l o w s :
{ _ ^  _ 0 .0 1 2  y  ReO'GZ_______
L -  V  -  0 .1 4 4  (â j -0 -1 4 * >  o _ 0 .0 5 4  ( 2 -1 6 )
O
The b u lk  a v e r a g e  v e l o c i t y ,  V, i s  r e l a t e d  t o  t h e  
a x i a l  v e l o c i t y  by a p p ly i n g  N u n n e r 's  power law ( 6 l )  a s  d e s ­
c r i b e d  i n  C h a p te r  IV. ,
W here:
U = Mean v e l o c i t y  a t  p o s i t i o n  r
"  = 1 / / X
X  = Moody f r i c t i o n  f a c t o r
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I t  can  be r e a d i l y  s e e n  t h a t
V = 2n^
UÔ ( l+ n j  ( l+ 2 n )
w here  V i s  t h e  a v e r a g e  b u lk  v e l o c i t y .
E q u a t io n  ( 2 - l 6 )  can  t h e n  be e x p r e s s e d  i n  te rras  
o f  V, Re and  n :
= 0.0772 d^(l+n)(l4-2n)^°"^^^
= 0 .0 7 7 2  d R e - 0 .0 3 6 / ( 0 .5  X +  1 . 5 f X + l ) ° '^ ^ ( 2 - l 7 )  
The d e n o m in a to r  i s  r o u g h ly  e q u a l  t o  u n i t y  s i n c e  A ra n g e s  
u s u a l l y  be tw een  0 .0 1  and  0 .0 3 .  A lso  t h e  e x p o n e n t  o f  Re 
i s  v e ry  c lo s e  t o  z e r o  w hich  i n d i c a t e s  t h a t  t h e  m ix in g  l e n g t h  
i s  p r a c t i c a l l y  in d e p e n d e n t  o f  Re and  i s  d i r e c t l y  p r o p o r t i o n a l  
t o  t h e  p ip e  d i a m e t e r ,  d .  I n  o t h e r  w o rd s ,  t h e  m ix in g  l e n g t h  
i s  p r a c t?  c a l l y  in d e p e n d e n t  o f  a l l  f lo w  v a r i a b l e s  and  i s  
m a in ly  a  f u n c t i o n  o f  t h e  c h a r a c t e r i s t i c  g e o m e tr i c  d im e n s io n  
o f  t h e  p i p e .  T h is  i n t e r e s t i n g  r e s u l t  s u p p o r t s  e a r l i e r  i n d i ­
c a t i o n s  t h a t  t h e  m ix in g  l e n g t h  i s  p r o p o r t i o n a l  t o  t h e  E u l e r i a n  
i n t e g r a l  s c a l e  o r  eddy s i z e  w hich  i n  t u r n  i s  d e p e n d e n t  on 
th e  s i z e  o f  t h e  v e s s e l .  The r a t i o  o f  t h e  m ix in g  l e n g t h  a t  
th e  p ip e  a x i s  t o  p ip e  d i a m e t e r  was c a l c u l a t e d  by N ik u ra d se  (6o) 
from  smooth open p ip e  v e l o c i t y  d i s t r i b u t i o n  d a t a  end  was foun d  
t o  be  a p p ro x im a te ly  0 .0 7  o v e r  a  ra n g e  o f  R e y n o ld s  number b e ­
tw een  1 1 0 ,0 0 0  and  3 ,2 0 0 ,0 0 0 .  T h is  v a lu e  com pares w e l l  w i th  
E q u a t io n  (2 -1 7 )  w h ich  i s  b a s e d  on eddy d i f f u s i v i t y  r a t h e r  
t h a n  eddy v i s c o s i t y  d a t a .
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P e c l e t  Number 
I t  i s  w e l l  known t h a t  P e c l e t  num ber r e a c h e s  a 
c o n s t a n t  a s y m p to t i c  v a lu e  o f  2 i n  p ack ed  b e d s  a t  R eyno lds 
num bers h i g h e r  t h a n  3 ,0 0 0  ( b o th  Pe and  Re a r e  b a s e d  on 
p a r t i c l e  d i a m e t e r  i n  t h i s  c a s e ) .  S e a g ra v e  an d  F a h ie n  (75) 
s u g g e s t e d  t h a t  t h e  a v e ra g e  Pe s h o u ld  r e a c h  a  c o n s t a n t  v a lu e  
i n  c a s e  o f  open p ip e  f lo w  a t  R eyno lds  num bers g r e a t e r  th a n  
1 0 ,0 0 0 .  T h is  was b a s e d  on t h e  f o l lo w in g  p o s t u l a t i o n :
OC.Q s v '  i
t  i s  p r o p o r t i o n a l  t o  t u b e  d i a m e t e r  d
V' i s  p r o p o r t i o n a l  t o  U o r  V, c o n s t a n t  i n t e n s i t y  
a t  h ig h  Re ( 7 0 ) .
I t  f o l lo w s  t h a t  = Pe = c o n s t a n t .o-C
One may t e s t  t h e  above  p o s t u l a t i o n  by  m aking use  
o f  t h e  p ro p o s e d  E q u a t io n  ( 2 - 1 4 ) .
I f  ZS = Pe = c o n s t a n t
t h e n  = Re
QC
and  s i n c e  Pe i s  assum ed c o n s t a n t  a t  h ig h  R e, t h e n  ~  sh o u ld  
be d i r e c t l y  p r o p o r t i o n a l  t o  Re w hich  i s  n o t  i n  a g re em e n t 
w i th  E q u a t io n  ( 2 - l 4 )  b e c a u s e  t h e  e x p o n e n t  o f  Re i s  0 .8 2  
and  n o t  1 . 0 .  The a v e r a g e  P e c l e t  number r e m a in s  a  f u n c t i o n  
o f  Re up t o  v a lu e s  o f  t h e  l a t t e r  a s  h ig h  a s  4 8 0 ,0 0 0 .
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Fig. 4 PECLET NUMBER vs. REYNOLDS NUMBER
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TABLE IV 
AVERAGE PECLET NUMBER DATA
Re Pe S ou rce  o f  D a ta
1 2 ,2 0 0 4 3 4 .5 Towle and  Sherwood ( 92 )
2 4 ,6 0 0 5 0 3 .9
5 7 ,4 0 0 6 1 7 .7
18 0 ,000 7 3 7 .6
25 7 ,00 0 7 6 6 .2 B a ldw in  ( 3  )
37 6 ,500 8 3 9 .5
48 0 ,0 0 0 8 7 6 .2
2 0 ,0 0 0 5 6 4 .9 Sherwood and  W oertz  ( 7 8 )
4 0 ,0 0 0 6 2 3 .4
6 0 ,0 0 0 6 3 4 .9
5 ,0 0 0 375 S e a g ra v e  and  F a h ie n  ( 7 5 )
7 ,5 0 0 431  ^
10 ,000 4 6 9 .6
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I t  i s  c o n c e iv a b l e ,  h o w ev er ,  t h a t  f o r  smooth p i p e s ,  
Pe w ould a t t a i n  a c o n s t a n t  v a lu e  a t  R eyno lds num bers I n  
e x c e s s  o f  1 0 .  T h is  I s  b a s e d  p u r e l y  on t h e  fo rm  o f  E q u a t io n  
(2 -2 3 )  w h ich  e x p r e s s e s  t h e  eddy v i s c o s i t y  a s  d i r e c t l y  p r o ­
p o r t i o n a l  t o  t h e  p r o d u c t  o f  Re and  VlT (R ey no ld s  a n a lo g y  
a ssu m e d ).  F o r  p e r f e c t l y  smooth p i p e s ,  t h e  f r i c t i o n  f a c t o r  
i s  a f u n c t i o n  o f  Re up t o  R eyno lds  num bers o f  a b o u t  1 0 ? ,  
beyond w hich  f  re m a in s  c o n s t a n t .
C o n t r i b u t i o n  o f  M o le c u la r  D i f f u s i o n  
t o  Eddy D i f f u s i o n
M o le c u la r  and t u r b u l e n t  v a r i a n c e s  a r e  n o r m a l ly  
assum ed t o  be a d d i t i v e  w hich  i m p l i e s  t h a t  t h e  two d i f f u s i o n  
m echanism s a r e  m u tu a l ly  i n d e p e n d e n t .
i . 6 . >  g  y 2  y 2  ( 2 - 18 )
t ^  -̂ m
_ =
where y2  = o b se rv e d  t o t a l  v a r i a n c e
^  = v a r i a n c e  due t o  t u r b u l e n t  d i f f u s i o n .
The i n t e r a c t i o n  b e tw ee n  t u r b u l e n t  and  m o le c u l a r  
d i f f u s i v l t l e s  h a s  become l a t e l y  a  c o n t r o v e r s i a l  i s s u e  i n  
t h e  l i t e r a t u r e .  B a t c h e l o r  and  Townsend (7) s u g g e s te d  t h a t  
t u r b u l e n t  v o r t i c i t y  i s  l i k e l y  t o  I n c r e a s e  th e  r a t e  o f  
m o le c u la r  d i f f u s i o n  by t h e  r o t a t i o n  and  s t r a i n  o f  a  d i f f u s i o n  
wake. A t h i r d  te rm  was ad d ed  t o  a c c o u n t  f o r  such  i n t e r ­
a c t i o n  w h ich  Townsend te rm ed  " a c c e l e r a t e d  d i f f u s i o n ” :
+ 2D^t 4- | | D jJ ü2 (2 -1 9 )
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^  s t h e  mean s q u a r e  v o r t i c i t y  d e f i n e d  by  t h e s e  
a u t h o r s .
S a ffm an  (6 9 )  a rg u e d  t h a t  t h i s  a d d i t i o n a l  te rm  s h o u ld  be
1 9.t ^ ) .  B o th  d e v e lo p m e n ts  w ere  made f o r  d e c a y in g  
i s o t r o p i c  g r i d  t u r b u l e n c e .
M ic k e lse n  (59 ) d e te r m in e d  e x p e r i m e n t a l l y  th e
'~2l a t e r a l  d i s p e r s i o n  o r  v a r i a n c e  Y dow nstream  from  a  p o i n t  
s o u r c e  i n  d e c a y in g  i s o t r o p i c  g r i d  t u r b u l e n c e  f o r  t h e  d i s ­
p e r s i o n  o f  h e l iu m  and  c a rb o n  d i o x id e  i n  a i r .  H is  d a t a  
showed t h a t ,  f o r  lo n g  d i f f u s i o n  t i m e s ,  a c c e l e r a t e d  m o le ­
c u l a r  d i f f u s i o n  i s  n e g l i g i b l e  an d  t h a t  m o le c u la r  d i f f u s i o n  
makes o n ly  i t s  own in d e p e n d e n t  c o n t r i b u t i o n  t o  t h e  t o t a l  • 
d i s p e r s i o n .  T ow nsend’ s a rg u m en t t h a t  t u r b u l e n t  and  m o le ­
c u l a r  d i f f u s i o n  a r e  m u tu a l ly  d e p e n d e n t  h a s  n o t  b e e n  t e s t e d  
f o r  n o n d e c a y in g  s t e a d y  t u r b u l e n t  p ip e  f lo w .
P ip e  f lo w  d a t a  t r e a t e d  h e r e  ( lo n g  d i f f u s i o n  t im e s )  
showed no a c c e l e r a t e d  d i f f u s i o n  e f f e c t .  The d a t a  g iv e n  
i n  T a b le  I  and  F i g u r e  1 a f f o r d  a  d r a m a t i c  t e s t  o f  t h e  
a c c e l e r a t e d  d i f f u s i o n  c o n c e p t io n  b e c a u s e  th e y  a r e  f o r  g a s  
and  l i q u i d  sy s te m s  t h a t  d i f f e r  i n  t h e i r  m o le c u la r  d i f -  
f u s i v i t i e s  by a  f a c t o r  o f  10^ ( a s  o p p o sed  t o  a  f a c t o r  o f  
5 f o r  t h e  C O g -a i r ,  H e - a i r  s y s te m s  s t u d i e d  by M i c k e l s e n ) .
The f a c t  t h a t  E q u a t io n  (2 -1 2 )  r e p r e s e n t s  t h e  eddy d i f ­
f u s i v i t y  d a t a  so  w e l l  d e s p i t e  v e r y  l a r g e  d i f f e r e n c e s  i n  
t h e  m o le c u l a r  d i f f u s i v l t l e s  o f  g a s e s  an d  l i q u i d s ,  i s  i n  
i t s e l f  an  e v id e n c e  t h a t  i s  a  f u n c t i o n  o f  v  and  Re o n ly .  
The l a c k  o f  c o r r e l a t i o n  b e tw een  d i m e n s i o n l e s s  q u a n t i t i e s
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I n c l u d i n g  m o le c u la r  d i f f u s i v i t y ,  and  R eyno lds number o r  
P e c l e t  num ber i s  d e m o n s t r a te d  by  F i g u r e s  5 and  6 .  A lth o u g h  
some o f  t h e  eddy  d i f f u s i v i t y  d a t a  a r e  r e a l l y  t u r b u l e n t  
d i f f u s i v i t y  d a t a ,  t h e  m o le c u la r  d i f f u s i v i t y  was n o t  a lw ay s  
s u b t r a c t e d  from  eddy  d i f f u s i v i t y .  The c o r r e c t i o n  was 
made o n ly  i n  t h o s e  c a s e s  w here  i s  >35^ o f  The
e x p e r im e n ta l  e r r o r  i n  eddy d i f f u s i v i t y  i s  n o rm a l ly  g r e a t e r  
t h a n  ,  (See A ppendix  D).
T a b le  V l i s t s  t h e  m o le c u l a r  p r o p e r t i e s  o f  some o f  
t h e  sy s te m s  p l o t t e d  i n  F i g u r e s  1 ,  5 and  6 . The m o le c u l a r  
d i f f u s i v l t l e s  o f  t h e  g a s e s  have  b e e n  c a l c u l a t e d  a t  2 0 " C 
u s in g  H i r s c h f e l d e r  e q u a t io n  and  c o l l i s i o n  i n t e g r a l s  b a s e d  
on t h e  L e n n a rd -J o n e s  p o t e n t i a l  ( 6 4 ) .  F o r  t h e  d i f f u s i v i t y  
o f  f l u o r e s c e i n  dye i n  w a t e r ,  t h e  l i s t e d  v a lu e  i s  t h a t  c a l ­
c u l a t e d  by  S e a g ra v e  (74) a s  a n  a v e r a g e  o f  two e s t i m a t e r  
o b t a i n e d  by  two d i f f e r e n t  m ethods ( l , 1 0 l ) .  The te rm  
i s  u s e d  h e r e  t o  i n d i c a t e  t h e  m o le c u l a r  d i f f u s i v i t y  o f  
t r a c e r  1 i n  t h e  m ain  s t r e a m  2 .
Eddy V i s c o s i t y  i n  t h e  Core
Eddy v i s c o s i t y  i s  t h e  c o e f f i c i e n t  o f  eddy d i f ­
f u s i o n  o f  momentum. F i g u r e  1 i n d i c a t e s  t h a t  eddy d i f f u s i v i t y  
a p p l i e s  t o  t h e  t r a n s f e r  o f  h e a t  o r  mass i n  t h e  c o r e .  The 
p u rp o se  o f  t h i s  s e c t i o n  i s  t o  d e te r m in e  i f  t h e  same c o r ­
r e l a t i o n  a p p l i e s  t o  momentum t r a n s f e r .  The d i s t r i b u t i o n  
o f  eddy  v i s c o s i t y  a c r o s s  t h e  p ip e  c r o s s  s e c t i o n  i s  d e a l t  















•  HEAT IN MERCURY (3 8 )
A  CARBON DIOXIDE IN AIR ( 9 2 )
0 HÉAT SOURCE IN AIR ( 3 )
O  WATER VAPOR IN AIR (78)
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V WATER VAPOR IN HELIUM (7 8 )
,+  FLUORESCEIN IN WATER (7 5 )
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_ A CARBON DIOXIDE IN AIR (9 2 )
□ HEAT SOURCE IN AIR ( 3 )
r 0 WATER VAPOR IN AIR ( 7 8 )
- o WATER VAPOR IN CARBON DIOXIDE ( 7 8 )
WATER VAPOR IN HELIUM (78)
+ FLUORESCEIN IN WATER (75)
• HEAT IN MERCURY (38)
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F i g . 6  A PLOT OF TURBULENT PECLET NUMBER 
vs MOLECULAR SCHMIDT NUMBER
TABLE V
MOLECULAR PROPERt'i ES OF THE SYSTEMS OF TABLE I
S ystem
2 ,  
f t  / s e c
^ 1 2
2
f t  / s e c
S c i2
D i f f u s i n g  Medium Main S tre am
Hydrogen A ir ( 8 . 0 6 ) ( 1 0 - 4 ) ( 6 .4 8 ) ( 1 0 - 4 ) 0 .8 0
Carbon D io x id e A ir ( 1 .6 3 ) ( 1 0 - 4 ) ( 1 .2 3 ) ( 1 0 - 4 ) 0 .7 5
W ater  V apor A i r ( 2 . 4 o ) ( i o "4) ( 1 .5 2 ) ( 1 0 - 4 ) 0 .6 3
W ater  V apor Carbon D io x id e ( 1 .5 9 ) ( 1 0 - 4 ) ( 1 .1 5 ) ( 1 0 - 4 ) 0 .7 2
W ater  V apor H elium ( 9 .5 9 ) ( 1 0 - 4 ) ( 6 .8 7 ) ( 1 0 - 4 ) 0 .7 2
H eat A ir ( 2 . 0 6 ) ( 1 0 - 4 ) * ( 1 . 6 1 ) ( 1 0 '4 ) 0 .7 8
F l u o r e s c e i n  Dye W ater ( 4 .6 )  (1 0 -9 ) ( 1 . 0 8 ) ( 1 0 - 5 ) 2341
H eat M ercury ( 2 .9 )  (10-® )* ( 1 .2 )  (10-®) 4 1 .8
Ü0•fr
*Thla 13 t h e r m a l  d i f f u s i v i t y  .  T herm al e q n d u c t l v l t y -----
D e n s i ty  x s p e c i f i c  h e a t
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The eddy v i s c o s i t y ,  €. , I s  d e f i n e d  by  E q u a t io n
( 2 - 2 0 ) :
d r  (2 -2 0 )
'Xfys  s h e a r  s t r e s s  
P ,s d e n s i t y  
A l i n e a r  s h e a r  d i s t r i b u t i o n  a p p l i e s  a c r o s s  th e  
t u r b u l e n t  l e g l o n j  £. c an  be d e te rm in e d  I f  U I s  known a s  a  
f u n c t i o n  o f  r .  Assuming Von Karman' s u n i v e r s a l  l o g a r i t h m i c  
v e l o c i t y  d i s t r i b u t i o n :
= 5 .5  +  2 .5  i n  y+ (2 -21 )
u+ = U = d im e n s io n le s s  v e l o c i t y  p a ra m e te r
U* = “TTw s f r i c t i o n  v e l o c i t y
P
Tvi = s h e a r  s t r e s s  a t  t h e  w a l l
T w =
y*^ r  y  U* = d im e n s io n le s s  f r i c t i o n  d i s t a n c e  
2)
f  = F a n n in g  f r i c t i o n  f a c t o r  
P = d e n s i t y
S u b s t i t u t i n g  f o r  "X an d  ^  I n  E q u a t io n  ( 2 - 2 1 ) ,  we g e t :
£  = 0 . 4  V [T  0 (1 -0 )  a (2_22)
42
0 = r / a
a  = P ip e  r a d i u s
T h is  can  a l s o  be  w r i t t e n  a s
£  = 0 . 2  Re |T ©  (1 -0 )  (2 -2 3 )
V
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The raairi d raw back  o f  E q u a t io n  (2 -2 3 )  i s  t h a t  th e  
eddy v i s c o s i t y  r e a c h e s  a  maximum v a lu e  somewhere b e tw een  
th e  p ip e  w a l l  and  a x i s  and  th e n  d ip s  t o  z e r o  a t  9 = 0 where 
i t  s h o u ld  h ave  a  n o n - z e r o  f i n i t e  v a lu e .
S c h l i n g e r  e t  a l .  (73 ) compared eddy c o n d u c t i v i t y  
v a lu e s  o b t a i n e d  f o r  t h e  c a s e  o f  p a r a l l e l  p l a t e s  w i th  t h e  
eddy v i s c o s i t i e s  o b t a i n e d  from  E q u a t io n  ( 2 - 2 2 ) .  They found  
t h a t  f o r  9 <  0 .3 ^  t h e  eddy c o n d u c t i v i t y  r e m a in s  f a i r l y  con­
s t a n t  a t  R ey n o ld s  num bers g r e a t e r  t h a n  2 0 ,0 0 0 . T h a t  
i s ,  £  do es  n o t  v a n is h  a t  t h e  p ip e  a x i s .  C o n n e l l ,  S c h l in g e r  
and Sage ( l4 )  com puted €. a t  d i f f e r e n t  v a l u e s  o f  © and  Re 
f o r  b o th  ro u n d  p ip e s  and  p a r a l l e l  p l a t e s .  The eddy v i s ­
c o s i t y  a c r o s s  th e  c o r e ,  , was assum ed t o  re m a in  c o n s t a n t  
f o r  a l l  v a l u e s  o f  © l e s s  t h a n  0 . 3 .  T a b le  \ I  l i s t s  v a lu e s
o f  €  c com puted by t h e s e  a u t h o r s  a t  © = 0 . 3  u s i n g  E q u a t io n  
, V
( 2 - 2 3 ) .  A lso  l i s t e d  i s  th e  eddy  v i s c o s i t y  o f  a i r  o v e r  t h e  
c e n t e r  c o re  a t  Re = 4 2 5 ,0 0 0  a s  d e te rm in e d  from  L a u f e r ' s  
p ip e  f lo w  d a t a  ( 4 6 ,4 7 ) .  L a u f e r ' s  d a t a  showed a l s o  a  f a i r l y  
c o n s t a n t  eddy  v i s c o s i t y  o v e r  t h e  t u r b u l e n t  c o r e .
F i g u r e  7 i s  a  p l o t t i n g  o f  t h e  d a t a  o f  T a b le  V I. 
L a u f e r ' s  d a t a  p o i n t  a g r e e s  v e ry  w e l l  w i th  C o n n e l l ' s  d a t a .
The eddy  v i s c o s i t y  num ber o r  r e l a t i v e  v i s c o s i t y  c o r r e l a t e s  
w e l l  w i t h  R ey n o ld s  num ber, a  com puted c o r r e l a t i o n  c o e f f i c i e n t  
o f  0 . 9 9 8 . E q u a t io n  (2 -2 4 )  i s  a  l e a s t  s q u a re  f i t t i n g  o f  
t h e s e  d a t a .
^  = (9) (1 0 -3 )  R e ° '^ ^  (2 -2 4 )
y
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R eyno lds  Number Eddy V i s c o s i t y  Number S o u rc e  o f  D a ta
2 0 ,0 0 0 4 6 .3 1 C o rc o ra n ,  O p f e l l  
and  Sage  ( 15 )
2 5 ,0 0 0 5 6 .6 4
3 0 ,0 0 0 6 6 .6 7
3 5 ,0 0 0 7 6 .5 2
4 0 ,0 0 0 8 6 .3 2
4 5 ,0 0 0 9 6 .0 0
5 0 ,0 0 0 1 0 5 .4 2
6 0 ,0 0 0 1 2 4 .4 8
7 0 ,0 0 0 1 4 2 .8 3
8 0 ,0 0 0 1 6 1 .1 4
9 0 ,0 0 0 1 7 9 .3 0
1 0 0 ,0 0 0 1 9 7 .0 0
42 5 ,0 0 0 6 6 7 .0 0 L a u f e r  (46 )
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T u r b u le n t  Schm idt and  P r a n d t l  Numbers 
o v e r  t h e  Core 
An e m p i r i c a l  e x p r e s s i o n  f o r  t u r b u l e n t  Schm id t 
an d  P r a n d t l  numbers can  be  r e a d i l y  o b t a i n e d  from  E q u a t io n s  
(2 -1 4 )  and  ( 2 - 2 4 ) .
(P r )  = (Sc) .  ^  = 0 .7 4  R e ° '° 4  (2 -2 5 )
t  t  *5
C om parison  o f  E q u a t io n  (2 -2 2 )  
w i t h  S h e rw o o d 's  E q u a t io n ______
E q u a t io n  (2 -6 )  due t o  Sherwood and W oertz  ( 7 8 )
and  E q u a t io n  (2 -2 2 )  a r e  eddy v i s c o s i t y  e q u a t io n s  o b t a i n e d
u s i n g  Von K arm an ' s mean v e l o c i t y  d i s t r i b u t i o n .  The m ain
d i f f e r e n c e  b e tw ee n  t h e s e  two p r o c e d u r e s  I s  t h a t  Sherwood
u s e d  P r a n d t l * s  m ix in g  l e n g t h  t h e o r y  w h ich  r e q u i r e d  th e
e s t i m a t i o n  o f  t h e  I n t e n s i t y  o f  t u r b u l e n c e .
OCc = 0.04VaoVF (2-6)
F o r  p a r a l l e l  p l a t e s .  E q u a t io n  (2 -2 2 )  c an  be w r i t t e n  a s :
6c = o . 2v j ^ e ( i - e ) a ^  ( 2 - 2 6 )
Sq = t h e  s p a c in g  b e tw een  t h e  p l a t e s
9 r  r e l a t i v e  p o s i t i o n  from  t h e  
c e n t e r  o f  t h e  d u c t .
One may now s u b s t i t u t e  I n  E q u a t io n  (2 -2 6 )  f o r  0 w i t h  ^  
w h ic h ,  a c c o r d i n g  t o  Sherwood and  W o e r tz ,  c o r r e s p o n d s  t o  
t h e  p o s i t i o n  a t  w hich  OC a t t a i n e d  I t s  maximum v a lu e  and  
w h ich  t h e y  u se d  t o  o b t a i n  E q u a t io n  ( 2 - 6 ) ;  E q u a t io n  (2 -2 6 )  
becomes :
€c = 0 .035 V ao \/F  (2 -2 7 )
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E q u a t io n  (2 -2 7 )  I s  e s s e n t i a l l y  t h e  same a s  W o e r tz 's  e q u a t io n  
and  I s  a r r i v e d  a t  h e r e  w i th o u t  r e s o r t i n g  t o  t h e  m ix in g  
l e n g t h  c o n c e p t  and  w i th o u t  d e te r m in in g  v '  and  L  I n d e p e n d e n t ly  
o r  m aking an y  a s s u m p t io n s  r e g a r d i n g  t h e  c o r r e l a t i o n  c o e f f i ­
c i e n t  and  t h e  I n t e n s i t y  o f  t u r b u l e n c e .
Summary o f  C o n c lu s io n s  and  R e s u l t s
1 . An e x c e l l e n t  c o r r e l a t i o n  o f  c o re  eddy  d l f f u s l v l t y  d a t a
was o b t a i n e d  by p l o t t i n g  a s  a  f u n c t i o n  o f  R eyno lds
V
num ber. The d a t a  a r e  f o r  mass and  h e a t  t r a n s f e r  f o r  
g a s  and  l i q u i d  f lo w  I n  p i p e s  o r  p a r a l l e l  p l a t e s  o v e r  
a  R ey n o ld s  number ra n g e  b e tw een  5000 and  684000 ,
^  = 0 .012 ReO'82 (2-14)
2. M a t e r i a l  and  th e r m a l  edd y  d l f f u s l v l t y  d a t a  u p h o ld  t h e  
v a l i d i t y  o f  R eyno lds  a n a lo g y  f o r  mass and  h e a t  t r a n s f e r .
3 . F o r  lo n g  d i f f u s i o n  t im e s  I n  f u l l y  d e v e lo p e d  n o n d e c a y in g  
t u r b u l e n t  p ip e  f lo w ,  t u r b u l e n t  d i f f u s i o n  I s  In d e p e n d e n t  
o f  m o le c u l a r  d l f f u s l v l t y .  T h is  r e s u l t  d i s a g r e e s  w i t h '  
Tow nsend’ s a c c e l e r a t e d  d i f f u s i o n  t h e o r y .  The m o le c u la r  
d l f f u s l v l t l e s  o f  t h e  sy s te m s  exam ined  h e r e  d i f f e r  by a  
f a c t o r  o f  a s  much a s  10^ v e r s u s  a  maximum o f  5 In. 
M l c k e l s e n 's  e a r l i e r  I n v e s t i g a t i o n ,  The same r e s u l t  
a p p l i e d  t o  l i q u i d  m e ta l  sy s te m s  o f  h ig h  th e rm a l  con­
d u c t i v i t y .
4 .  An e x p r e s s i o n  f o r  t h e  m ix in g  l e n g t h ,  was o b t a i n e d  
from  t h e  eddy  d l f f u s l v l t y  c o r r e l a t i o n  and  S a n d b o r n 's  
e m p i r i c a l  r e l a t i o n  f o r  t h e  I n t e n s i t y  o f  t u r b u l e n c e  a t
4 l
t h e  p ip e  a x i s :
= 0 .0 7 7  d R e - 0 '0 3 6 y  ( 0 ,5  +  1 . 5 >TX+1 (2 -1 7 )
X i s  Moody f r i c t i o n  f a c t o r  
d i s  p ip e  d ia m e te r
i . e .  ? j / d  z  0 .0 7 7
N ik u ra d s e  ( 6 0 ) r e p o r t e d  a s i m i l a r  r e s u l t  f o r  momentum 
t r a n s f e r ,  ^ / d  = 0 . 0 7
5 . P e c l e t  num ber i s  a  f u n c t i o n  o f  R ey n o ld s  num ber up  t o
He s  4 8 0 0 0 0 . An a s y m p to t i c  c o n s t a n t  P e c l e t  num ber i s
p r o b a b ly  g r e a t e r  th a n  900. I t  i s  c o n c e iv a b le  t h a t  Pe
a t t a i n s  i t s  a s y m p to t i c  v a lu e  when t h e  f r i c t i o n  f a c t o r  
i s  in d e p e n d e n t  o f  Re (Re >  10^ f o r  p e r f e c t l y  sm ooth 
p i p e s ) .
6 .  Core eddy  v i s c o s i t y , w a s  fo u n d  t o  be  r e p r e s e n t e d  
b y :
Gc .  0 .0 0 9  R e° 'G 6  (2 -2 4 )
7 .  R ey n o ld s  a n a lo g y  does  n o t  a p p ly  t o  t h e  t u r b u l e n t
d i f f u s i o n  o f  momentum. T u r b u le n t  P r a n d t l  a n d  S chm id t
num bers f o r  t h e  c o re  can  be w r i t t e n  a s :
.0 .0 4Pr ^ = 8 c t  = 0 .7 4  R e^ 'U ^  ( 2 - 25 )
CHAPTER I I I
RELATING TURBULENT DIFFUSION IN THE CORE 
TO EULERIAN TURBULENCE PARAMETERS
I n t r o d u c t i o n  t o  T u rb u le n c e  Theory 
The m ain  o b j e c t i v e  o f  t h i s  i n t r o d u c t i o n  i s  t o  
d e f i n e  and d e s c r i b e  some o f  t h e  b a s i c  t u r b u l e n c e  p a ra m e te r s  
t h a t  c h a r a c t e r i z e  a f i e l d  o f  t u r b u l e n c e  and  t h a t  a r e  u se d  
i n  t h e  d e v e lo p m e n ts  p r e s e n t e d  i n  t h i s  c h a p t e r .  A more 
d e t a i l e d  t r e a t m e n t  o f  t h e  th e o r y  o f  t u r b u l e n c e  c a n  be  
fo u n d  i n  H inze  ( 2 1 ) ,  a v e ry  v a l u a b l e  r e f e r e n c e  on t h i s  
s u b j e c t .  T a y l o r ' s  s t a t i s t i c a l  th e o r y  o f  t u r b u l e n c e  ( 8 5 ) 
i s  t h e  backbo ne  o f  t o d a y ' s  t u r b u l e n c e  t h e o r y ; t h e  en e rg y  
d i s s i p a t i o n  r a t e ,  c o r r e l a t i o n  c o e f f i c i e n t ,  and m ic ro  and 
m acro s c a l e s  o f  t u r b u l e n c e  w ere  a l l  i n t r o d u c e d  by T a y lo r .
The com ponents o f  t h e  i n s t a n t a n e o u s  v e l o c i t y  a t  
a  c e r t a i n  p o i n t  i n  a  t u r b u l e n t  f i e l d  c a n  be  r e c o r d e d  
c o n t i n u o u s l y  u s i n g  i n s t r u m e n t s  t h a t  a r e  s e n s i t i v e  t o  
v e l o c i t y  f l u c t u a t i o n s  su c h  a s  t h e  h o t  w i r e  anem om eter.
F i g u r e  8  i l l u s t r a t e s  a t y p i c a l  s i g n a l  o f  t h e  v e l o c i t y  







F ig u r e  8 -  T u r b u le n t  V e l o c i t y  Spec trum  
(Taken by L, V. B a ldw in )
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v e l o c i t y  a b o u t  a  mean v a lu e .
The mean v e l o c i t y  a t  any r a d i a l  p o s i t i o n  i n  a 
p i p e ,  U, i s  a  t im e  a v e r a g e  o f  t h e  i n s t a n t a n e o u s  a x i a l  
v e l o c i t y  a t  t h a t  p o i n t .  I t  i s  i n d e p e n d e n t  o f  t im e  b u t  a  
f u n c t i o n  o f  t h e  r a d i a l  p o s i t i o n  ©.
o  = Ç 0 ( t )  d t  ( 3 - 1 )
1 1 o
Where U ( t )  i s  t h e  i n s t a n t a n e o u s  v e l o c i t y  t h a t  i s  n o rm a l ly  
r e c o r d e d  a s  t h e  v e l o c i t y  s p e c t ru m ,  and  w hich  may be  c o n ­
s i d e r e d  a s  t h e  sum o f  t h e  mean v e l o c i t y  U and  t h e  i n s t a n ­
ta n e o u s  f l u c t u a t i n g  v e l o c i t y  u .
U ( t )  = U + u  ( 3 - 2 )
I n  c a s e  o f  p ip e  f lo w ,  s i n c e  t h e r e  i s  no n e t  f lo w  
i n  t h e  r a d i a l  and  t a n g e n t i a l  d i r e c t i o n s ;  t h e  i n s t a n t a n e o u s  
v e l o c i t i e s  i n  t h e s e  d i r e c t i o n s  a r e  t h e  same a s  t h e  f l u c ­
t u a t i n g  v e l o c i t i e s  and  t h e  mean v e l o c i t i e s  a r e  z e r o .  F o r  
i s o t r o p i c  f l o w ,  t h e  s t a t i s t i c a l  d i s t r i b u t i o n  o f  t h e  i n s t a n ­
ta n e o u s  f l u c t u a t i n g  v e l o c i t i e s  was fo u n d  t o  b e  w e l l
r e p r e s e n t e d  by a  G a u s s ia n  d i s t r i b u t i o n  f u n c t i o n  ( 7 9 ,  9 3 ) .
—?  —?  —?
The mean s q u a r e  v e l o c i t y ,  u  , v , o r  w f o r  x ,  y ,  o r  z 
d i r e c t i o n s  r e s p e c t i v e l y ,  i s  an  i m p o r t a n t  t u r b u l e n c e  p a r a ­
m e te r  t h a t  c a n  b e  d e f i n e d  a s  t h e  v a r i a n c e  o f  t h e  d i s t r i ­
b u t i o n  o f  t h e  f l u c t u a t i n g  v e l o c i t y .
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.+ »
u « u ' ^  m f ( u )  du ( 3 - 5 )
Where f ( u )  I s  t h e  f r e q u e n c y  d i s t r i b u t i o n  f u n c t i o n  o f  u .
The r o o t - m e a n - s q u a r e  v a lu e  ( r . m . s . )  o r  t h e  s t a n d a r d
d e v i a t i o n ,  u ' ,  i s  u se d  t o  c h a r a c t e r i z e  t h e  i n t e n s i t y  o f
t u r b u l e n c e  o r  d e g r e e  o f  t u r b u l e n c e  i n  t h e  x  d i r e c t i o n  
11 *w hich  i s
T u rb u le n c e  i s  s a i d  t o  b e  i s o t r o p i c  when t h e  d i s t r i ­
b u t i o n  f u n c t i o n  f o r  t h e  f l u c t u a t i n g  v e l o c i t y  com ponents i s  
n o t  a  f u n c t i o n  o f  o r i e n t a t i o n .  As a c o n se q u e n c e
T  " Fu « v « w
Changes i n  t h e  d i r e c t i o n  and m a g n i tu d e  o f  v e l o c i t y  f l u c t u a ­
t i o n s  a r e  w h o l ly  random , and t h e r e  i s  no c o r r e l a t i o n  
be tw een  th e  v e l o c i t y  com ponents i n  d i f f e r e n t  d i r e c t i o n s .
i . e . , ÜV = vw m ÜW = o
The c o n d i t i o n  o f  i s o t r o p y  i s  a p p ro a c h e d  o v e r  t h e  c e n t r a l  
c o r e  o f  p i p e  f lo w  w h e re  t h e  v e l o c i t y  p r o f i l e  i s  f l a t .  
T u rb u le n c e  i s  assum ed  t o  be  i s o t r o p i c  i n  a l l  " c o re "  
d e v e lo p m e n ts .  The r e l a t i v e  v a lu e s  o f  u ' ,  V  and  w ’ can  
b e  u se d  a s  a m e a su re  o f  t h e  d e g re e  o f  i s o t r o p y .  T u rb u le n c e  
o u t s i d e  t h e  c o r e ,  w h e re  a p p r e c i a b l e  mean v e l o c i t y  g r a d i e n t s
~~n —?  —«•
e x i s t ,  i s  n o n i s o t r o p i c  o r  a n i s o t r o p i c  u /  v /  w .
The c o n d i t i o n  o f  ho m ogene ity  i m p l i e s  t h a t  t u r b u ­
l e n c e  h a s  t h e  same s t r u c t u r e  i n  a l l  p a r t s  o f  t h e  f lo w  f i e l d .
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T h a t  i s ,  t h e  f l u c t u a t i n g  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  and 
i t s  mean do n o t  change by t r a n s l a t i n g  th e  a x e s .  T u rb u le n c e  
i n  f u l l y  d e v e lo p e d  p i p e  f lo w  i s  homogeneous i n  t h e  a x i a l  
and  t a n g e n t i a l  d i r e c t i o n s . T u rb u le n c e  i s  n o t  homogeneous 
i n  c a s e  o f  d e c a y in g  g r i d  t u r b u l e n c e  o r  i n s u f f i c i e n t  e n t r y  
l e n g t h  s i n c e  i t  i s  n o t  in d e p e n d e n t  o f  x .
The t h i r d  a s s u m p t io n  made i n  t h i s  c h a p t e r  i s  t h a t  
t h e  t u r b u l e n c e  i s  s t a t i o n a r y  w h ich  im p l i e s  t h a t  t h e  mean 
v a lu e s  a t  any p o i n t  a r e  n o t  t im e  d e p e n d e n t .  T h a t  i s ,  t h e  
m echanism  u n d e r l y i n g  t h e  g e n e r a t i o n  o f  t u r b u l e n c e  does  n o t  
change  w i t h  t im e .  S t a t i o n a r i t y  h e r e  does n o t  mean t h a t  t h e  
f l u i d  i s  a t  r e s t .
The d e g re e  o f  c o r r e l a t i o n  be tw een  t h e  f l u c t u a t i n g  
v e l o c i t i e s  a t  two p o i n t s  i s  e x p r e s s e d  by t h e  s p a t i a l  
E u l e r i a n  c o r r e l a t i o n  c o e f f i c i e n t . The c o r r e l a t i o n  f u n c t i o n  
i s  d e f i n e d  a s  t h e  t im e  mean o f  t h e  p r o d u c t  o f  t h e  i n s t a n ­
t a n e o u s  f l u c t u a t i n g  v e l o c i t i e s ;  i t  i s  n o rm a l ly  o b t a i n e d  by 
a n a lo g  co m p u tin g  t e c h n iq u e s .  S e v e r a l  c o r r e l a t i o n  c o ­
e f f i c i e n t s  can  b e  d e f i n e d  f o r  t h e  d i f f e r e n t  v e l o c i t y  
c o m p o n en ts .  S u b s c r i p t s  a r e  u se d  h e r e  t o  i d e n t i f y  any 
p a r t i c u l a r  c o r r e l a t i o n  c o e f f i c i e n t  a s  i l l u s t r a t e d  i n  
F i g u r e  9 ( t h e  s u p e r - b a r  means a  t im e  a v e r a g e ) .
u ,  U-
e . g . ,  ( M )
As shown i n  F i g u r e  10 , t h e  s p a t i a l  c o r r e l a t i o n
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c o e f f i c i e n t  v a r i e s  w i th  t h e  s e p a r a t i o n  d i s t a n c e  b e tw een  th e  
two p o i n t s .  I t  a t t a i n s  a maximum v a lu e  o f  1 .0  when t h e  two 
p o i n t s  c o i n c i d e  and d e c r e a s e s  g r a d u a l l y  a s  t h e  s e p a r a t i n g  
d i s t a n c e  i n c r e a s e s .  The c o r r e l a t i o n  c o e f f i c i e n t  
v a n is h e s  when x  r e a c h e s  a  c e r t a i n  v a l u e ,  i n d i c a t i n g  no 
c o r r e l a t i o n  ( F ig u r e s  10 and  1 1 ) .
The a r e a  u n d e r  t h e  c o r r e l a t i o n  c o e f f i c i e n t  c u rv e  
i s  t h e  m a c r o - s c a l e  o f  t u r b u l e n c e
00
Lÿy = E u l e r i a n  s c a l e  o f  t u r b u l e n c e .
F o r  each  c o r r e l a t i o n  c o e f f i c i e n t  a  c o r r e s p o n d in g  
s c a l e  o f  t u r b u l e n c e  may be  d e f i n e d  by a n  e q u a t i o n  s i m i l a r  
t o  (5 -5 )*  The s c a l e  o f  t u r b u l e n c e  d e r i v e s  i t s  name from  
t h e  o ld  n o t i o n  t h a t  t u r b u le n c e  i s  composed o f  e d d ie s  and  
t h a t  some v e l o c i t y  c o r r e l a t i o n  i s  m a in t a in e d  w i t h i n  an  eddy . 
The a v e r a g e  s i z e  o f  an  eddy may b e  t h e n  r e p r e s e n t e d  by 
t h e  s c a l e  o f  t u r b u l e n c e .  Of c o u r s e ,  a  f l u i d  eddy i s  a  ' 
t h r e e  d im e n s io n a l  body t h a t  r e q u i r e s  more t h a n  one 
d im e n s io n  f o r  i t s  c o m p le te  d e f i n i t i o n .  The c o n c e p t  o f  f l u i d  
e d d ie s  re m a in s  a  d e s c r i p t i v e  c u r i o s i t y  t h a t  h a s  had  l i m i t e d  
f u n c t i o n a l  u t i l i t y  i n  t h e  th e o r y  o f  t u r b u l e n c e .  I t  i s  
n o te w o r th y ,  h ow ev er ,  t h a t  t h e  s c a l e  o f  t u r b u l e n c e  was fo und  
t o  be p r o p o r t i o n a l  t o  t h e  s i z e  o f  mesh o p e n in g  i n  c a s e  o f  

























Fig. 10 EULERIAN CORRELATION COEFFICIENT
AND MICROSCALE
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(a) P er fec t c o r r e la t io n , K = 1 .0
'v - ^ '
(■fa) Moderate c o r r e la t io n , ,R =» 0 .5
C-50199
(c) Low c o r r e la t io n , E = 0
T ig u r e l l .  -  O sc illo sc o p e  tr a c e s  o f  two anemometer s ig n a ls  showing varying degrees o f  
c o r r e la t io n .
50
f lo w , some p r o p o r t io n a l ity  would be ex p e cted  to  e x i s t  
betw een  th e  p ip e  d iam eter  and th e  s c a l e  o f  tu r b u le n c e .
A lso  th e  L agrangian in t e g r a l  s c a l e  (C hapter I I  and E q uation  
( 3 - 3 5 ) )  was found to  in c r e a s e  w ith  th e  E u le r ia n  m a c r o -sc a le . 
( 3 ) .  The two s c a l e s  have n o t been  m a th em a tica lly  r e la t e d .
A nother tu rb u len ce  param eter th a t  was in tro d u ced  
by T a y lo r  (8 5 )  i s  th e  m ic r o s c a le  o f  tu r b u le n c e , ^ g ,  which  
may be regard ed  roughly a s th e  c h a r a c t e r i s t i c  le n g th  o f  
th e  s m a l le s t  e d d ie s  th a t  a r e  r e s p o n s ib le  f o r  th e  d i s s i ­
p a t io n  o f  e n erg y . A p arab o la  drawn ta n g e n t to  th e  
cu rve  a t  y = o ( o s c u la t in g  p a r a b o la ) i n t e r s e c t s  th e  y a x is  
a t  th e  p o in t  y =% g (F ig u re  1 0 ) .  In  o th e r  w ords, Ag i s
p r o p o r t io n a l to  th e  ra d iu s  o f  cu r v a tu re  o f  th e  R curveyu
a t  y = o .
Ag y
A s im i la r  m ic r o sc a le  can be d e f in e d  f o r  th e  lo n g itu d in a l  
c o r r e la t io n  c o e f f i c i e n t  R^^,
1 Lim " ^XU  ̂ !-z rr\
i s  som etim es c a l l e d  th e  lo n g i t u d in a l  m ic r o sc a le .
Von Karman and Howarth (9 9 ) r e la t e d  th e  l a t e r a l  
and lo n g itu d in a l  c o r r e la t io n  c o e f f i c i e n t s  (R^^ and R^^) 
f o r  homogeneous i s o t r o p ic  tu r b u le n c e  and showed a l s o  th a t
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Xg (3 -8)
The r a te  o f  energy  d i s s ip a t io n  per  u n it  mass p er  
u n it  t im e , e j , can be r e la t e d  to  th e  m ic r o sc a le  o f  tu rb u ­
le n c e .  T a y lo r  (8 5 )  showed th a t  f o r  i s o t r o p ic  tu r b u le n c e ,
?
= 7 . 5 -V (my (3 -9 )
and th a t
(U) -(It) - '(MÏ (3 -1 0 )
( 3 -1 1 )
He a l s o  proved  th a t :
may be  a l s o  e x p r e s s e d  i n  t h e  fo rm  o f  an  even  T a y lo r  
s e r i e s  e x p a n s io n  a t  y = o
•Vu =  1 +
y=o j y=o
a t  y = o ,  a l l  te rm s  o f  t h e  ab ove  s e r i e s  may b e  ig n o r e d  
e x c e p t  t h e  f i r s t  two t e rm s .  S in c e  t h e  o s c u l a t i n g  p a r a b o l a s  
a r e  d e s c r i b e d  by t h e  f o l l o w i n g  e q u a t i o n s :
(3-14)
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V  "  ^ ^  ( 3 - 1 5 )
I t  c an  b e  ded u ced  from  t h e  a b o v e  e q u a t io n s  t h a t :
' f
~~S
&' .  3 0 :y  ~ ( 3 -1 8 )
A n o th e r  Im p o r ta n t  t u r b u l e n c e  p a r a m e te r  i s  t h e  
o n e - d im e n s io n a l  en e rg y  s p e c t ru m  f u n c t i o n ,  P ( n ) .  Simmons 
a nd  S a l t e r  (8 0 )  showed t h a t  t h e  mean v a lu e  u ^  may be  r e ­
g a rd e d  a s  t h e  sum o f  c o n t r i b u t i o n s  o f  en e rg y  from  a l l  
f r e q u e n c i e s  o b t a i n e d  by r e s o l v i n g  t h e  random i n s t a n t a n e o u s  
v e l o c i t y  s i g n a l  i n t o  i t s  h a rm o n ic  co m p o n en ts .  The s p e c t r a l  
d e n s i t y  o r  t h e  en e rg y  s p e c t ru m  f u n c t i o n  P ( n )  i s  t h e  r e l a t i v e  
c o n t r i b u t i o n  f ro m  f r e q u e n c i e s  b e tw e e n  n and  n + dn t o  t h e  
t u r b u l e n t  k i n e t i c  en e rg y  p e r  u n i t  m ass .
V? = i ? ( n )  P ( n )  dn (3 -1 9 )
o
-00
_ y  P ( n )  dn = 1 
o
n = f r e q u e n c y ,  s e c " ^
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The o n e -d im e n s io n a l  sp e c t ru m  f u n c t i o n  i s  o b t a in e d  b y  
p l o t t i n g  P (n )  a s  a  f u n c t i o n  o f  n .  The wave number i s  more 
commonly u se d  when d e s c r i b i n g  t h e  s p a t i a l  s t r u c t u r e  a t  any  
i n s t a n t ;  t h e  wave number and t h e  f r e q u e n c y  a r e  r e l a t e d  by :
2 F n
wave number = — =—
U
T a y lo r  (8 6 ) showed t h a t  t h e  sp e c t ru m  f u n c t i o n  and t h e  
E u l e r i a n  c o r r e l a t i o n  c o e f f i c i e n t  a r e  r e l a t e d  by  F o u r i e r  
t r a n s f o r m s .
Review o f  t h e  P ro b lem
T h is  C h a p te r  d e a l s  w i t h  t h e  v e r y  com plex  p r o b ­
lem  o f  r e l a t i n g  t u r b u l e n t  d i f f u s i o n  t o  fu n d a m e n ta l  
E u l e r i a n  t u r b u l e n c e  v a r i a b l e s  c h a r a c t e r i z i n g  t h e  t u r b u l e n t  
f i e l d .  A m ic r o s c o p ic  d e f o r m a t io n  t h e o r y  i s  p ro p o se d  w hich  
s u g g e s t s  t h a t  t u r b u l e n t  d i f f u s i o n  i s  a  f u n c t i o n  o f  b o th  
m ic r o s c o p ic  t u r b u l e n t  d e f o r m a t io n  and m a c ro sc o p ic  d e f o r ­
m a t io n  ( o r  v e l o c i t y  g r a d i e n t ) .
I t  was e s t a b l i s h e d  i n  C h a p te r  I I  t h a t  - ^ r  i s  a  
f u n c t i o n  o f  R eyno lds  num ber. T h is  r e s u l t  i s  e x p la in e d  
f u n d a m e n ta l ly  i n  t h i s  c h a p t e r ;  i n  p a r t i c u l a r ,  why t h e  
Eddy D l f f u s l v l t y  Number i s  u se d  r a t h e r  t h a n  o r  o t h e r
Dm
d im e n s io n le s s  q u a n t i t i e s  c o n t a i n i n g  v a r i a b l e s  su c h  a s  u ' ,  
V, d ,  Af, . . .  e t c .  The l a c k  o f  c o r r e l a t i o n  b e tw een  eddy  
d l f f u s l v l t y  and m o le c u la r  d l f f u s l v l t y  was d e m o n s t r a te d  
i n  C h a p te r  I I  and i s  f u r t h e r  d i s c u s s e d  and e x p la in e d  i n  
t h i s  c h a p t e r .
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P re v io u s  M ixing L eng th  and  
T u r b u le n t  D i f f u s i o n  T h e o r ie s
P h e n o m en o lo g ica l  M ixing L eng th  T h e o r ie s
The c o n c e p t  o f  " a p p a r e n t "  o r  "eddy" v i s c o s i t y  was 
f i r s t  I n t r o d u c e d  by B o u s s ln e s q  (1 0 )  who assum ed t h a t  t u r ­
b u l e n t  s h e a r  s t r e s s e s  a r e  d i r e c t l y  p r o p o r t i o n a l  to  th e  
v e l o c i t y  g r a d i e n t .
T y x = - ( f ' ) §  (3  20)
T h is  e q u a t i o n  I s  s i m i l a r  t o  N ew to n 's  law f o r  v i s c o u s  f low  
w hich  s t a t e s  t h a t  v i s c o u s  s t r e s s e s  a r e  d i r e c t l y  p r o p o r ­
t i o n a l  t o  t h e  v e l o c i t y  g r a d i e n t  w i th  t h e  dynamic v i s c o s i t y ,  
p ,  a s  t h e  p r o p o r t i o n a l i t y  c o n s t a n t .  B o u s s ln e s q  assum ed e  
a s c a l a r  q u a n t i t y .
P r a n d t l ' s  t h e o r y  was t h e  e a r l i e s t  a t t e m p t  t o  
d e f i n e  a  t u r b u l e n t  m ix in g  l e n g th  a n a lo g o u s  t o  th e  mean 
f r e e  p a t h  I n  t h e  k i n e t i c  th e o r y  o f  g a s e s .  P r a n d t l  made 
t h e  h y p o t h e s i s  t h a t :
I f l O
Where
= S h e a r  s t r e s s  I n  t h e  x  d i r e c t i o n  on a f l u i d  
s u r f a c e  o f  c o n s t a n t  y .
P « D e n s i ty
i = P r a n d t l  m ix in g  l e n g t h  ( f o r  momentum t r a n s f e r ) .
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U = Time a v e r a g e  a x i a l  v e l o c i t y  a t  y .
The t u r b u l e n t  s h e a r  s t r e s s  i s  r e l a t e d  t o  t h e  v e l o c i t y  
g r a d i e n t  by E q u a t io n  ( 3 - 2 0 ) ;  t h i s  d e f i n e s  t h e  eddy v i s ­
c o s i t y , 6  , a s ;
€  = - e ^ | f |  ( 3 - 2 2 )
From a  d im e n s io n a l  a rg u m e n t ,  € can  b e  w r i t t e n  a s
€  = u ' ^  ( 3 - 2 3 )
u ' = t h e  r o o t  mean s q u a r e  f l u c t u a t i n g  v e l o c i t y  
T h a t  i s ,  f o r  i s o t r o p i c  t u r b u l e n c e
V  = u '  ^  ( 3 - 2 4 )
P r a n d t l ' s  m ix in g  l e n g t h , ^ ,  i s  p h y s i c a l l y  d e s c r i b e d  a s  t h e  
d i s t a n c e  a  f l u i d  p a r t i c l e  t r a v e l s ,  i n  a d i r e c t i o n  no rm al 
t o  t h e  d i r e c t i o n  o f  f l o w ,  b e f o r e  i t  l o s e s  i t s  i d e n t i t y  
and  becomes im bedded i n  a  f l u i d  l a y e r  a t  a  d i s t a n c e  
F l u i d  lumps a r e  assum ed  t o  p r e s e r v e  t h e i r  i d e n t i t y  t i l l  
some d e f i n i t e  p o i n t  i n  t h e i r  p a th  w here  th e y  m ix w i th  th e  
s u r r o u n d in g s  and a t t a i n  t h e  same v e l o c i t y  and  o t h e r  
t r a n s f e r a b l e  p r o p e r t i e s  a s  th o s e  o f  t h e  c o r r e s p o n d in g  
n e ig h b o rh o o d .
P r a n d t l  assum ed  i n  w a l l  t u r b u l e n c e  t h a t  ^  
c h an g e s  l i n e a r l y  w i t h  d i s t a n c e  from  t h e  w a l l ,
i . e . ,  .  h y '  ( 3 - 2 5 )
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y '  = d i s t a n c e  from  t h e  w a l l  
h = a  c o n s t a n t
1 ' * " '  ' [ y x  =  l § F  I  i y '  ( 3 - 2 6 )
A n o th e r  h y p o t h e s i s  f o r  e s t i m a t i n g  ^  i s  t h a t  o f  Von Karman i n  
w h ich  ^  i s  assum ed a  f u n c t i o n  o f  t h e  d e r i v a t i v e s  o f  t h e  mean 
v e l o c i t y  r a t h e r  t h a n  m e re ly  a  f u n c t i o n  o f  d i s t a n c e  from  
t h e  w a l l .
K %  ( 5 - a 7 )
K ■ a  " u n i v e r s a l "  c o n s t a n t  whose v a l u e  was 
r e p o r t e d  a s  0 . 4  o r  0 . 3 6 .
Von K arm an ' s  a s s u m p t io n  g i v e s
The s o l u t i o n  o f  t h e  abov e  e q u a t io n s  g i v e s  a 
l o g a r i t h m i c  e x p r e s s i o n  f o r  t h e  r a d i a l  d i s t r i b u t i o n  o f  t h e  
mean v e l o c i t y  U. A more d e t a i l e d  d i s c u s s i o n  o f  v e l o c i t y  
c o r r e l a t i o n s  i s  g i v e n  i n  C h a p te r  IV.
D i s c u s s io n  o f  P r a n d t l  m ix in g  l e n g t h  t h e o r y . -  The 
m ix in g  l e n g t h ,  a s  d e f i n e d  by P r a n d t l ,  d ep ends o n ly  on t h e  
d y n a m ic a l  c o n d i t i o n s  o f  t h e  f l u i d ,  namely t h e  v e l o c i t y  
g r a d i e n t  and  t h e  s h e a r  s t r e s s .  T a y lo r  ( 8 3 ) commented t h a t
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t h e  o n ly  way by w h ich  a  s m a l l  volum e o f  f l u i d  can  l o s e
h e a t  o r  ch an g e  c o m p o s i t io n  i s  c o n d u c t io n  o r  m o le c u la r
d i f f u s i o n  t o  t h e  s u r r o u n d i n g s ;  a d e c r e a s e  i n  m o le c u la r
d i f f u s i v i t y  w o u ld , t h e r e f o r e ,  l e a d  t o  a n  i n c r e a s i n g  t im e
d u r in g  w h ich  t h e  s m a l l  volume w ould  r e t a i n  i t s  c o m p o s i t io n
d i s t i n c t  f ro m  t h a t  o f  t h e  s u r r o u n d in g s  a n d ,  t h e r e f o r e ,
s h o u ld  r e s u l t  i n  i n c r e a s i n g  t h e  m ix in g  l e n g t h .  The m ix in g
l e n g t h ,  a s  d e f i n e d  by P r a n d t l ,  i s  i n d e p e n d e n t  o f  su ch
p h y s i c a l  c o n s t a n t s  a s  th e r m a l  c o n d u c t i v i t y  and  m o le c u la r
d i f f u s i o n .  He l a t e r  r e i t e r a t e d  t h i s  c r i t i c i s m  (9 0 )
The c h i e f  d i f f i c u l t y  w i th  a  m ix tu r e  l e n g t h  
t h e o r y  i s  t o  fo rm  a  p h y s i c a l  p i c t u r e  o f  t h e  
p r o c e s s  by w hich  a body o f  f l u i d  c a r r y i n g  
some t r a n s f e r a b l e  p r o p e r t y  ( h e a t ,  m a s s ,  o r  
momentum), d i s c h a r g e s  i t s  lo a d  i n t o  t h e  
s u r r o u n d i n g  f l u i d .  Taken l i t e r a l l y ,  t h e  
o r i g i n a l  m ix tu r e  l e n g t h  t h e o r i e s  w ould  e n v is a g e  
t h e  u n r e a l i s t i c  c o n c e p t io n  t h a t  a  m ass o f  f l u i d
r e t a i n s  i t s  lo a d  unchanged  t i l l  a t  a  c e r t a i n
i n s t a n t  i t  m ee ts  w i t h  a  su d d e n  c a t a s t r o p h e  and 
d i s i n t e g r a t e s  i n t o  f i n e  t h r e a d s  o r  d ro p s  w hich  
t h e n  d i s c h a r g e  t h e i r  lo a d  by m o le c u l a r  p r o c e s s e s .
T a y lo r  a l s o  rem ark ed  t h a t  f l u c t u a t i n g  p r e s s u r e  g r a d i e n t s  
s h o u ld  a f f e c t  t h e  m ix in g  l e n g t h  i n  some way and  t h a t  t h e  
Momentum T r a n s p o r t  T heory  does n o t  t a k e  su c h  e f f e c t s  i n t o  
c o n s i d e r a t i o n .
The c o n t r i b u t i o n  o f  m o le c u l a r  d i f f u s i o n  t o  eddy 
d i f f u s i v i t y  was d i s c u s s e d  i n  C h a p te r  11 ;  t h e  d a t a  exam in­
ed f o r  g a s e s  and  l i q u i d s  i n d i c a t e  t h a t  m o l e c u l a r  d i f f u s i o n  
makes an  i n d e p e n d e n t  c o n t r i b u t i o n  t o  eddy d i f f u s i v i t y .
T h a t  i s ,  t h e  l a t t e r  c an  b e  e x p r e s s e d  a s  t h e  sum o f  m o le c u la r
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and t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t s .  T h is  i m p l i e s  t h a t  
t h e  t r a n s f e r  o r  exchange  o f  t r a n s f e r a b l e  p r o p e r t i e s  be tw een  
a f l u i d  lump and i t s  s u r r o u n d in g s  o c c u r s  p r e d o m in a n t ly  by 
m e c h a n ic a l  means s i n c e  m o le c u la r  d i f f u s i o n  i s  to o  slow  t o  
be  s o l e l y  r e s p o n s i b l e  f o r  t h e  m ix in g  p r o c e s s .  A ls o ,  f l u i d  
lumps do n o t  have  w e l l  d e f in e d  r i g i d  b o u n d a r i e s  a c r o s s  
w hich  d i f f u s i o n  ex change  may be  e x p e c te d  t o  t a k e  p l a c e  
s t r i c t l y  by m o le c u la r  m eans.
The m ix in g  l e n g t h  c o n c e p t io n  r e p r e s e n t s  a  d e s i r e  
t o  draw some a n a lo g y  be tw een  t h e  k i n e t i c  t h e o r y  o f  g a s e s  
o r  m o le c u l a r  m o tio n  and t u r b u l e n t  m o tio n  by e x p r e s s in g  
th e  eddy d i f f u s i v i t y  i n  te rm s  o f  a  m ix in g  l e n g t h  c o r r e s ­
p o n d in g  t o  t h e  mean f r e e  p a t h  and a  v e l o c i t y  t h a t  c o r r e ­
spon ds  t o  t h e  mean m o le c u la r  v e l o c i t y .  U n t i l  a  m ethod 
becomes a v a i l a b l e  f o r  p r e d i c t i n g  t h e  m ix in g  l e n g t h  from  
m e a s u ra b le  E u l e r i a n  p a r a m e te r s  t h a t  c h a r a c t e r i z e  t h e  
t u r b u l e n t  f i e l d ,  t h e  m ix in g  l e n g t h  c o n c e p t  rem a in s  
m ere ly  a n o t h e r  way o f  w r i t i n g  t h e  eddy v i s c o s i t y  and  can  
be  o n ly  d e te rm in e d  from  eddy v i s c o s i t y  d a t a .
A n o th e r  sh o r tc o m in g  o f  P r a n d t l  M ixing  L eng th  
T heory  i s  t h a t  a  z e ro  eddy v i s c o s i t y  i s  g iv e n  a t  th e  
p ip e  a x i s  w here  t h e  v e l o c i t y  g r a d i e n t  i s  z e ro
e  = £ 2 | | 2 |
dy
The eddy v i s c o s i t y , e ,  i s  known to  h av e  f i n i t e  n o n -z e ro  
v a lu e s  a t  t h e  c e n t e r  o f  t h e  p i p e  t h a t  a r e  s l i g h t l y  lo w er
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t h a n  i t s  maximum v a lu e  (35* 7 5 ) .
T heory  o f  D i f f u s i o n  by C o n t in u o u s  Movement
T h is  c l a s s i c a l  t h e o r y  was p r e s e n t e d  by G. I .  
T a y lo r  i n  1921 ( 8 4 ) .  A homogeneous t u r b u l e n t  f i e l d  i s  
c o n s i d e r e d  i n  w h ich  t h e  f l u i d  i s  b o th  t u r b u l e n t  and 
s t a g n a n t  (V = o ) .  T u rb u le n c e  i s  c o n c e iv e d  t o  be  g e n e r ­
a t e d  by t h e  movement o f  a  g r i d  i n  t h e  f l u i d .  We a r e  
i n t e r e s t e d  i n  t h e  t u r b u l e n t  d i f f u s i o n  o f  f l u i d  p a r t i c l e s  
i n  t h e  y d i r e c t i o n  from  a  p o i n t  s o u r c e  t h a t  i s  t a k e n  a s  
t h e  o r i g i n  o f  a  c a r t e s i a n  c o o r d i n a t e  sy s te m . At t im e  t ,  
a  m arked f l u i d  p a r t i c l e  w ould  b e  m oving w i th  an  i n s t a n ­
t a n e o u s  L a g ra n g ia n  v e l o c i t y  v ^ ( t ) .  The a v e ra g e  c o n d i t i o n s ,  
ho w ever ,  a r e  t h e  same a t  e v e ry  p o i n t  b e c a u s e  t u r b u l e n c e  
i s  assum ed t o  b e  u n i fo rm ly  d i s t r i b u t e d  th ro u g h o u t  t h e  
f i e l d .
Assuming t h i s  m o d e l ,  T a y lo r  a r r i v e d  a t  E q u a t io n  
( 3 - 3 1 )  by t h e  f o l l o w in g  s t e p s .  A L a g ra n g ia n  d o u b le  
v e l o c i t y  c o r r e l a t i o n  c o e f f i c i e n t  was d e f in e d  a s
R, . S Z I g ï L  (1-39)
' ' l
Where Vj^(t) v ^  ( t - s )  i s  t h e  a v e r a g e ,  o v e r  a  l a r g e  number
o f  p a r t i c l e  m o t io n s ,  o f  th e  p r o d u c t  o f  i n s t a n t a n e o u s
— ?  -p a r t i c l e  v e l o c i t i e s  a t  t im e  t  and  t  -  < ; v^  i s  t h e  mean 
s q u a r e  v a l u e  o f  t h e  i n s t a n t a n e o u s  p a r t i c l e  v e l o c i t y  
a v e ra g e d  w i t h  r e s p e c t  t o  t im e ;  4 i s  a  t im e  in c r e m e n t .  By
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i n t e g r a t i n g  o v e r  % and t a k i n g  i n t o  c o n s i d e r a t i o n  t h a t
V i , ( t )  /  f ( < ) .
/•t ----ytJ ?L (* -  S )  r  «L (3-30)
The d i s p l a c e m e n t  v a r i a b l e  Y a t  t im e  t  c an  b e  d e f i n e d  a s
Y = J  ( t  - § )  Ô5,, The R .H .S . o f  E q u a t io n  (5 -3 0 )  
o
c an  be  t h e n  w r i t t e n  a s :
( 3 - 3 1 )
- g
Y = t h e  v a r i a n c e  o f  t e m p e r a t u r e  o r  c o n c e n t r a t i o n  d i s t r i ­
b u t i o n  c u r v e .  At v a lu e s  o f  t  v e ry  c l o s e  t o  z e r o ,  R_ i s
L i
a p p r o x im a te ly  e q u a l  to  1 ,  so  t h a t  a t  p o i n t s  v e ry  c l o s e  t o  
t h e  s o u r c e ,
?  = ^  t ^  (3 -3 2 )
E q u a t io n  ( 3 - 3 2 )  i s  u se d  f o r  d e te r m in in g  t h e  mean s q u a r e
—g
L a g ra n g ia n  v e l o c i t y  from  Y d a t a  n e a r  t h e  s o u r c e .
S in c e  R^ o a s  t  — oo ,
J  R^ dS = c o n s t a n t  = T ( 3 - 3 3 )
At p o i n t s  s u f f i c i e n t l y  f a r  from  t h e  s o u r c e ,
Rj. »  0 ,  ( t  > »  T)
6l
è ^ = V T  (3-34)
T i s  d e sc r ib e d  as th e  f f î c t iv e  a v era g e  tim e req u ired  fo r  
a f l u i d  p a r t i c l e  to  l o s e  any c o r r e la t io n  w ith  i t s  i n i t i a l  
v e l o c i t y .
A Lagrangian in t e g r a l  s c a l e ,  was d e f in e d  by
T a y lo r  a s :
' l  j  (2 -2 5 )o
In  o th e r  w ords, a t  a s u f f i c i e n t l y  la r g e  d is ta n c e  from th e  
so u r c e ,
= T a y lo r 's  m ix in g  le n g th  or  Lagrangian  
in t e g r a l  s c a l e .  
y j = v'j^ = th e  r .m .s .  f lu c t u a t in g  p a r t i c l e  
v e l o c i t y .
= 2 v'j^ t  + c o n s ta n t  ( 5- 56)
— ?
That i s ,  f o r  la r g e  v a lu e s  o f  t ,  Y i s  d ir e c t ly  p r o p o r t io n a l
—?
to  th e  d i f f u s io n  t im e . E xp erim en ta l Y data a g ree  w ith
—?
E q u ation s (5 -5 5 )  and (5 -5 6 )  in  th a t  Y i s  p r o p o r t io n a l to  
2
t  a t  th e  so u rc e  and i s  l in e a r ly  r e la t e d  to  t  a t  some 
d is ta n c e  from  th e  so u r c e . The d e ter m in a tio n  o f  v f r o m
-g-
Y d a ta  a t  th e  so u rce  in v o lv e s  some e r r o r s  due to
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d i s t u r b a n c e s  c a u se d  by t h e  f i n i t e  s i z e  o f  t h e  so u rc e . '
More a c c u r a t e  r e s u l t s  c o u ld  be  o b t a i n e d  from  h e a t  
s o u r c e  m easu rem en ts  s i n c e  a  h o t  w i r e  c an  be  made much 
s m a l l e r  i n  s i z e  th a n  a  t r a c e r  i n j e c t o r .
The eddy d i f f u s i o n  c o e f f i c i e n t ,  a ^ ,  i s  d é t e r -
—15
m ined fro m  t h e  a s y m p to t i c  s l o p e  o f  Y a s  a  f u n c t i o n  o f  t .
The same r e s u l t  i s  o b t a in e d  i n  t h e  p r e v io u s  c h a p t e r  by 
a  d i f f e r e n t  method when d i s c u s s i n g  t h e  d e t e r m i n a t i o n  o f  
f ro m  p o i n t  s o u r c e  d a t a .
è  ”  ®c “  0 3 7 )
F o r  a  f lo w  sy s te m  w i th  a  maximum a x i a l  f l u i d  v e l o c i t y ,  U^,
%
( 3 - 3 8 )
I n  a  r e c e n t  p a p e r  ( 9 0 ) ,  T a y lo r  s p e l l e d  o u t  t h e  
p h y s i c a l  c o n c e p t io n  u n d e r l y i n g  h i s  t u r b u l e n t  d i f f u s i o n  
t h e o r y .  T h is  may be  b e s t  p r e s e n t e d  by q u o t in g  him.
A f t e r  c i t i n g  h i s  c r i t i c i s m  o f  t h e  M ix ing  L en g th  T h eo ry ,  
he  s a i d :
To d e v i s e  a  more r e a l i s t i c  d e s c r i p t i o n  o f  
t u r b u l e n t  d i f f u s i o n  I  had  t o  b a s e  i t  on t h e  
L a g ra n g ia n  c o n c e p t io n  i n  w hich  a t t e n t i o n  i s  
f i x e d  on a  p a r t i c l e  o f  t h e  d i f f u s i n g  m a t t e r  
w hich  p r e s e r v e s  i t s  I d e n t i t y  a s  i t  moves £n 
t h e  t u r b u l e n t  f i e l d  o f  f lo w '  l  t h e r e f o r e  
t r i e d  t o  d e s c r i b e  t h e  d i f f u s i v e  p r o p e r t i e s
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o f  t u r b u l e n c e  by d e f i n i n g  t h e  c o r r e l a t i o n  
b e tw e e n  th e  v e l o c i t y  o f  a p a r t i c l e  a t  one 
i n s t a n t  and t h a t  o f  t h e  same p a r t i c l e  a t  a  
l a t e r  t im e .  I  fo u n d  i n  f a c t  t h a t  t h e  d i f f u ­
s i o n  from  a f i x e d  p o i n t - s o u r c e  can  b e  d e s ­
c r i b e d  when o n ly  t h i s  L a g ra n g ia n  t im e -  
c o r r e l a t i o n  f u n c t i o n  and  t h e  mean s q u a r e  
v e l o c i t y  a r e  known. I  fo u n d  t h a t  t h i s  c o r r e ­
l a t i o n  v a n is h e s  a f t e r  a n  i n t e r v a l  o f  t im e ,  
t h e  d i f f u s i o n  f o r  much lo n g e r  p e r i o d s  p r o c e e d s  
a s  th o u g h  i t  w ere  due  t o  a c o n s t a n t  v i r t u a l  
c o e f f i c i e n t  o f  eddy d i f f u s i v i t y .  S in c e  a s  I  
h a v e  a l r e a d y  m e n t io n e d ,  a  m ix tu r e  l e n g t h  c a n  
b e  f o r m a l ly  d e f i n e d  w i t h o u t  r e f e r e n c e  t o  t h e  
p h y s i c a l  p r o c e s s  o f  m i x t u r e ,  t h e  t im e  c o r r e ­
l a t i o n  f u n c t i o n  makes i t  p o s s i b l e  t o  t h i n k  
o f  a m ix tu r e  l e n g t h  r o u g h ly  p r o p o r t i o n a l  t o  
t h e  a v e ra g e  l e n g t h  o f  p a th  w hich  a p a r t i c l e  
t r a v e r s e s  b e f o r e  i t s  v e l o c i t y  becomes u n ­
c o r r e l a t e d  w i th  t h a t  w h ich  i t  had a t  t h e  
b e g in n i n g  o f  t h e  p a t h .  T h is  method o f  d e s c r i b ­
i n g  d i f f u s i o n  makes i t  p o s s i b l e  to  d e f i n e  a 
m ix t u r e  l e n g t h  w i t h o u t  c o n s i d e r i n g  any p h y s i c a l  
p r o c e s s ,  b u t  i t  i n v o lv e s  t h e  a s s u m p t io n  t h a t  
t h e  p a r t i c l e s  o f  t h e  d i f f u s i n g  s u b s ta n c e  a r e  
i n d i s t i n g u i s h a b l e  so  f a r  a s  t h e i r  m o t io n  i s
c o n c e rn e d  from  t h o s e  o f  t h e  t r a n s p o r t i n g  f l u i d . 
S in c e  t u r b u l e n t  d i f f u s i o n  i s  m o s t ly  due t o  “  
e d d ie s  o f  t h e  l a r g e  s i z e s  and  t h e  l a r g e  p a r t  o f  
t h e  L a g ra n g ia n  c o r r e l a t i o n - t i m e  c u rv e  i s  a l s o  
d u e  t o  them , one  w ould  o n ly  e x p e c t  m o le c u l a r  
d i f f u s i o n  to  a f f e c t  t u r b u l e n t  d i f f u s i o n  i f  t h e  
am ount o f  m a t e r i a l  w h ich  c o u ld  d i f f u s e  by 
m o l e c u l a r  p r o c e s s e s  f ro m  a  l a r g e - s c a l e  eddy 
w ere  a p p r e c i a b l e  d u r i n g  t h e  p e r i o d  o v e r  w h ich  
i t s  v e l o c i t y  p r e s e r v e s  a p p r e c i a b l e  c o r r e l a t i o n  
w i t h  i t s  i n i t i a l  v e l o c i t y .
D i s c u s s io n  o r  ï a y i o r ' s  T u r b u le n t  D i f f u s i o n  Theory 
L a g ra n g ia n  t h e o r y  o f  D i f f u s i o n  by C o n t in u o u s  Movement 
p r e d i c t s  c o r r e c t l y  a l i n e a r  r e l a t i o n s h i p  b e tw ee n  Y and 
t im e  f o r  a l l  p e r i o d s  o f  t im e  g r e a t e r  th a n  t h a t  o f  -  o 
(E q u a t io n  3 - 3 6 ) .  I t  a l s o  o f f e r s  means o f  d e te r m in in g  
t h e  L a g ra n g ia n  r . m . s .  f l u c t u a t i n g  v e l o c i t y  from
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t h e  i n i t i a l  s l o p e  o f  t h e  Y c u r v e .  The eddy d i f f u s i o n  
c o e f f i c i e n t  i s  e x p re s s e d  i n  te rm s  o f  a  L a g ra n g ia n  r . m . s .  
v e l o c i t y  and  a n  i n t e g r a l  s c a l e  w hich  c an  b e  d e te rm in e d  
from  t h e  L a g ra n g ia n  c o r r e l a t i o n  f u n c t i o n .
What T a y lo r  c o n c e iv e d  o f  i s  a  f l u i d  m o le c u le  
t h a t  r e t a i n s  i t s  i d e n t i t y  w h i l e  w a n d e r in g  i n  t h e  t u r b u l e n t  
f i e l d .  H is  th e o r y  does n o t  t e l l  u s  t h e  f u n c t i o n a l  fo rm  
o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t .  The d e t e r m i n a t i o n  o f  R,Jj
f rom  a c t u a l  d i f f u s i o n  d a t a  i s  a l s o  v e ry  d i f f i c u l t  and 
i n a c c u r a t e  s i n c e  i t  i n v o lv e s  a  d o u b le  d i f f e r e n t i a t i o n
t e c h n iq u e  ( E q u a t io n  3 - 3 1 ) .  F l i n t ,  Kada, and  H a n r a t ty
—?
(2 5 )  fo u n d  t h a t  t h e  fo rm  o f  t h e  Y v s .  t  c u rv e  i s  n o t  
s e n s i t i v e  t o  t h e  fo rm  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  and 
t h a t  v e ry  a c c u r a t e  m easu rem en ts  a t  s m a l l  d i f f u s i o n  t im e s  
w ould b e  n eed ed  t o  d i s c e r n  w hich  f u n c t i o n  d e s c r i b e s  R,If
b e s t .
The e f f e c t i v e n e s s  and  u t i l i t y  o f  T a y l o r ' s  th e o r y  
would have  b e e n  c o n s i d e r a b ly  e n h an ced  had  t h e  th e o r y  
r e l a t e d  t h e  E u l e r i a n  and L a g r a n g ia n  c o r r e l a t i o n  c o e f f ­
i c i e n t s  o r  i n t e g r a l  s c a l e s .  T h is  w ould  b r i d g e  t h e  p r e s e n t  
g ap  b e tw ee n  two im p o r t a n t  f i e l d s ,  t h e  E u l e r i a n  s t a t i s t i c a l  
t h e o r y  o f  t u r b u l e n c e  and a n o t h e r  a r e a  o f  g r e a t e r  i n t e r e s t  
t o  th e  c h e m ic a l  e n g in e e r  w hich  i s  m ass ,  h e a t ,  and  momentum 
t r a n s f e r  i n  t u r b u l e n t  s i n g l e  p h a s e  f lo w .  U n t i l  t h e  
L a g ra n g ia n  and  E u l e r i a n  dom ains a r e  r e l a t e d  so  t h a t  
t u r b u l e n t  d i f f u s i o n  m ix in g  d a t a  may be  p r e d i c t e d  from  h o t
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w ir e  anem om eter m e a su re m e n ts« t h e  l a g r a n g i a n  c o n c e p t i o n  
re m a in s  an  I n t e r e s t i n g  c u r i o s i t y  and  th e  eddy d i f f u s i o n  
c o e f f i c i e n t  would  s t i l l  h av e  t o  b e  d e te rm in e d  fro m  a c t u a l  
m ass t r a n s f e r  d a t a .
T a y l o r ' s  L a g ra n g ia n  m odel p ro p o s e s  a  f l u i d  
p a r t i c l e  o r  m o le c u le  t h a t  i s  so  s m a l l  t h a t  I t  may o n ly  
ex ch a n g e  I t s  c o n t e n t s  w i th  t h e  s u r r o u n d in g s  by m o le c u la r  
m echan ism s. T u r b u le n t  d i f f u s i o n  I s  th e n  assum ed to  
o c c u r  by t h e  L a g ra n g ia n  m o tio n  o f  t h e  p a r t i c l e  I t s e l f  
r a t h e r  t h a n  by m e c h a n ic a l  s h e a r  e f f e c t s .
P re v io u s  A tte m p ts  t o  R e l a t e  E u l e r i a n  and  
L a g ra n g ia n  S t a t i s t i c a l  P r o p e r t i e s
R e c e n t  work h a s  b e e n  a im ed a t  r e l a t i n g  t h e
L a g ra n g ia n  and  E u l e r i a n  I n t e g r a l  s c a l e s  ( 5 ,  4 ,  5 5 ,  5 8 ) .
H l c k e l s e n  ( 5 8 ) made t u r b u l e n t  d i f f u s i o n  m easu rem en ts  o v e r
t h e  c e n t r a l  c o r e  o f  open  p i p e  f lo w  f o r  t h e  p u rp o s e  o f
c o m p a r in g  them  w i th  E u l e r i a n  c o r r e l a t i o n  h o t  w i r e  d a t a
t a k e n  u n d e r  t h e  same c o n d i t i o n s .  The d a t a  w ere  t a k e n
—9
c l o s e  t o  t h e  s o u r c e  m o s t ly  o v e r  t h e  r e g i o n  w here  Y I s  
n o t  a  l i n e a r  f u n c t i o n  o f  x .  S in c e  t h e  E u l e r i a n  and  
L a g ra n g ia n  c o r r e l a t i o n  c o e f f i c i e n t s  a p p e a r  t o  b e  s i m i l a r  
I n  s h a p e ,  M lc k e lse n  assum ed b o th  t o  have  t h e  same 
f u n c t i o n a l  fo rm , and  t h a t  t h e i r  s p a c e  and t im e  c o o r ­
d i n a t e s  c a n  b e  r e l a t e d  by a  l i n e a r  p r o p o r t i o n a l i t y .
I . e . .  K y  . L . 1^ (5 -3 9 )
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Byy i s  t h e  E u l e r i a n  c o r r e l a t i o n  c o e f f i c i e n t  d e f i n e d  a s :
Vi Vg
*  -Ô
Where Vg i s  t h e  t im e  a v e r a g e  o f  t h e  i n s t a n t a n e o u s  
p r o d u c t  Vg. and  Vg a r e  t h e  i n s t a n t a n e o u s  f l u c ­
t u a t i n g  v e l o c i t i e s  a t  p o i n t s  1 and  2 s p a c e d  a p a r t  by a  
d i s t a n c e  y .  B i s  a  n u m e r ic a l  f a c t o r  o f  p r o p o r t i o n a l i t y  
w hich  was d e te rm in e d  by t h e  c r o s s  p l o t t i n g  o f  t h e  i n d e ­
p e n d e n t  v a r i a b l e s  o f  E q u a t io n  ( 3 - 3 9 )  c o r r e s p o n d in g  t o  
t h e  same v a lu e s  o f  t h e  E u l e r i a n  and  L a g ra n g ia n  s p r e a d i n g  
c o e f f i c i e n t s Oüf a n d cü ^  r e s p e c t i v e l y .
OP? = /"  J  d t  d t  (3 - 4 0 )
o o
-  J  f  R ,.  ay dy (3 -4 1 )
O O f
S p re a d in g  c o e f f i c i e n t s  w e re  u se d  i n  o r d e r  t o  
a v o id  a  s e v e r e  d o u b le  d i f f e r e n t i a t i o n  o f  e x p e r im e n ta l  
d a t a  a t  p o i n t s  n e a r  t h e  s o u r c e  and  t o  u s e  a  d o u b le  i n t e ­
g r a t i o n  o f  i n s t e a d .  The p r o p o r t i o n a l i t y  c o n s t a n t ,  B, 
d e te rm in e d  by t h i s  m ethod  v a r i e d  b e tw e e n  0 .3 3  and  0 .7 2  
o v e r  a  ra n g e  o f  t u r b u l e n t  i n t e n s i t i e s  f ro m  1 .8  t o  l 4  f . p . s . ;
M lc k e ls e n  s u g g e s t e d  t h a t  B i s  ro u g h ly  e q u a l  t o  0 . 6 .
The a s s u m p t io n  t h a t  and  R^^ have  t h e  same 
f u n c t i o n a l  form  i s  a n  a p p r o x im a t io n  s i n c e  R^^ i s  known to  
a t t a i n  n e g a t iv e  v a l u e s  w h e re a s  R^ re m a in s  a lw ays  p o s i t i v e .
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A ls o ,  Byy was assum ed  e q u a l  t o  w hich  i s  v a l i d  o n ly  
i n  homogeneous i s o t r o p i c  t u r b u l e n c e .  M lc k e lse n  r e p o r t e d  
a  20 p e r  c e n t  d e v i a t i o n  i n  h om o g en e ity  and  13 p e r  c e n t  
d e v i a t i o n  i n  i s o t r o p y  o v e r  t h e  c e n t r a l  c o r e .
B a ld w in  ( 3 ,  4 )  u se d  an  e m p i r i c a l  a p p ro a c h  s i m i l a r  
t o  t h a t  o f  M lc k e ls e n  f o r  r e l a t i n g  t h e  E u l e r i a n  and 
L a g ra n g ia n  d o m a in s .  The a s s u m p t io n s  made h e r e  a r e  
e s s e n t i a l l y  t h e  same a s  t h o s e  m e n t io n e d  abov e  e x c e p t  t h a t  
t h e  e m p i r i c a l  f a c t o r  d e f i n e d  by B a ld w in  i s  a f u n c t i o n  o f  
d i s t a n c e  o r  t im e  r a t h e r  t h a n  an  a b s o l u t e  n u m e r ic a l  c o n s t a n t .
J  J  dkx" dkx* -  ^  dt"  d t '
( 2 -4 2 )
v f t
X « ( 3 -4 3 )
t  = L a g ra n g ia n  t im e  v a r i a b l e  
k « B a ld w in 's  e m p i r i c a l  f a c t o r  d e f i n e d  by 
E q u a t io n s  ( 3 - 4 2 )  and  ( 3 - 4 3 ) .
/ —• g
v ' l  »  \ /  Vl  «  r . m . s .  L a g ra n g ia n  f l u c t u a t i n g  v e l o c i t y .
The method i s  a r e fin em en t o v er  M lc k e ls e n 's  in  
th a t  k i s  a f u n c t io n  o f  d is ta n c e  though i t  was t r e a te d  
a s  a c o n s ta n t  o v er  any n u m erica l in crem en t and a l s o  in  
t h a t  a c tu a l  v v a l u e s  determ ined  from th e  i n i t i a l  s lo p e  
o f  th e  curve w ere u sed . The e m p ir ic a l  f a c t o r  k 
tran sform s th e  d is ta n c e  a x i s  x  or  y o f  th e  E u le r ia n
68
c o r r e l a t i o n  c o e f f i c i e n t .  F o r  e ach  f lo w  c o n d i t i o n ,  k was 
fo u n d  to  b e  a p p ro x im a te ly  c o n s t a n t  o v e r  t h e  e n t i r e  ra n g e  
o f  X and  t  b u t  v a r i e d  f ro m  a b o u t  0 .2 8  t o  0 . l 4  and  u '  
v a r i e d  fro m  2 .1  t o  4 . 8 .  As i n  M i c k e l s e n 's  w ork , was 
m ea su re d  and  assum ed t o  b e  e q u a l  t o  The r a t i o  ^
v a r i e d  o v e r  t h e  c e n t r a l  c o r e  b e tw ee n  0 . 7  and  0 . 8  i n s t e a d  
o f  1 .0  f o r  p e r f e c t  i s o t r o p y .
B a ld w in  a l s o  r e a n a l y z e d  M i c k e l s e n 's  d a t a  u s in g  
t h i s  m ethod and o b t a i n e d  v a l u e s  o f  k r a n g in g  from  0 .2  
t o  0 .5  ( 4 ) .  A lth o u g h  t h i s  may be  c o n s id e r e d  t o  be  i n  
q u a l i t a t i v e  a g re e m e n t  w i t h  B a ld w in 's  k d a t a ,  t h e  r e s u l t s  
o b t a i n e d  showed no e v id e n c e  o f  t h e  e x i s t e n c e  o f  a  s im p le  
r e l a t i o n s h i p  b e tw ee n  k and  t u r b u l e n c e  p a r a m e te r s  
c h a r a c t e r i z i n g  t h e  f i e l d .
P ro p o sed  T heory  and  Model 
T u r b u le n t  D i f f u s i o n  by M ic r o s c o p ic " d é f o rm a t io n
T h is  t r e a t m e n t  d e a l s  w i th  t h e  u n s o lv e d  p ro b lem  
o f  r e l a t i n g  th e  t u r b u l e n t  d i f f u s i v i t y ,  o r  L a g ra n g ia n  
p r o p e r t i e s ,  t o  E u l e r i a n  t u r b u l e n c e  q u a n t i t i e s .  As shown 
b e lo w , t h i s  i s  done w i t h o u t  em p loy ing  T a y lo r ^ s  t u r b u l e n t  
d i f f u s i o n  th e o r y  o r  m aking  u s e  o f  t h e  L a g ra n g ia n  sy s te m .
P h y s i c a l  C o n s i d e r a t io n s
I n s t e a d  o f  d e a l i n g  w i th  i n f i n i t e s i m a l  f l u i d  
p a r t i c l e s  a s  T a y lo r  d i d ,  c o n s i d e r  f i n i t e  f l u i d  p lum es 
o r  lu m p s . The s m a l l e s t  s i z e  o f  t h e s e  lumps i s _ o f  t h e
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same o r d e r  a s  t h e  s m a l l e s t  s c a l e  o f  t u r b u l e n t  m o tio n  w hich  
i s  ro u g h ly  a  h u n d red  t im e s  t h a t  o f  a  f l u i d  p a r t i c l e .  The 
f l u i d  o c c u p y in g  a  f i x e d  E u l e r i a n  volume m oving w i th  t h e  
mean l o c a l  v e l o c i t y ,  U, i s  s u b j e c t e d  to  i n s t a n t a n e o u s  
f l u c t u a t i n g  s t r e s s e s  t h a t  c a u se  i t s  d e f o r m a t io n  and s t r a i n . 
T h is  s h o u ld  r e s u l t  i n t o  c o n t in u e d  m a t e r i a l  exchange  and 
f l u x  a c r o s s  t h e  b o u n d a r i e s  o f  t h i s  f i x e d  volume w hich  i s  
r e f e r r e d  t o  h e r e  a s  t u r b u l e n t  d i f f u s i o n  by m ic r o s c o p ic  
d e f o r m a t io n .  The f l u c t u a t i n g  t u r b u l e n t  m o tio n  c a u s in g  
m ic r o s c o p ic  d e fo r m a t io n  would p ro d u c e  a l s o  c o n c e n t r a t i o n  
o r  t e m p e r a tu r e  f l u c t u a t i o n s  i f  su ch  g r a d i e n t s  e x i s t  
a c r o s s  t h e  f i e l d .
M ic ro s c o p ic  t u r b u l e n t  d e f o r m a t io n  i s  a  mech­
a n i c a l  s h e a r  phenomena t h a t  i s  a s s o c i a t e d  w i th  t u r b u l e n t  
e n e rg y  d i s s i p a t i o n  i n t o  h e a t  ( f l u i d  lum ps, u n l i k e  m o le c u le s ,  
a r e  n e i t h e r  r i g i d  n o r  e l a s t i c ;  a l s o  t h e  m o tio n  mf such  
r e a l  v i s c o u s  f l u i d s  i s  n o t  f r i c t i o n l e s s ) .
An E u l e r i a n  a n a l y s i s  o f  t h i s  s o r t  i s  b a se d  on 
t o t a l  d e fo rm a t io n  and  d i f f e r s  from  e a r l i e r  m odels  i n  t h a t  
a  f l u i d  lump does n o t  r e t a i n  i t s  i d e n t i t y  and  i s  co n ­
s t a n t l y  e x c h a n g in g  i t s  t r a n s f e r a b l e  p r o p e r t i e s  w i th  i t s  
s u r r o u n d i n g s .  The exchange  i s  p re d o m in a n t ly  m e c h a n ic a l  
and  i s  n o t  l i m i t e d  t o  m o le c u la r  d i f f u s i o n  o r  c o n d u c t io n .  
U n l ik e  B o u s s in e s q ,  P r a n d t l  and Von Karman t h e o r i e s ,  t h e  
d e g re e  o f  m ix in g  o r  d i s p e r s i o n  i s  assum ed h e r e  n o t  o n ly  
d e p e n d e n t  on t h e  v e l o c i t y  g r a d i e n t ,  o r  m a c ro sc o p ic
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d e f o r m a t i o n ,  b u t  a l s o  on t h e  m ic r o s c o p ic  t u r b u l e n t  
d e f o r m a t io n  and  i t s  i n t e n s i t y  o r  t h e  f r e q u e n c y  and 
i n t e n s i t y  o f  v e l o c i t y  f l u c t u a t i o n . The t u r b u l e n t  d i f f u ­
s i o n  c o e f f i c i e n t  a s su m e s ,  t h e r e f o r e ,  a  f i n i t e  v a lu e  a t  
t h e  p i p e  a x i s ,  w here  a  z e ro  v e l o c i t y  g r a d i e n t  e x i s t s ,  
s i n c e  t u r b u l e n t  d e f o r m a t io n  i s  f i n i t e .  I t  may be 
r e c a l l e d  t h a t  one  o f  t h e  d i f f i c u l t i e s  w i th  t h e  M ixing  
L e n g th  T heory  i s  t h a t  i t  p r e d i c t s  i n c o r r e c t l y  a  z e r o  
eddy v i s c o s i t y  a t  t h e  t u b e  a x i s .
A n o th e r  way o f  e x p l a i n i n g  t u r b u l e n t  d i f f u ­
s i o n  by m ic r o s c o p ic  d e f o r m a t io n  i s  t h a t  l a r g e  e d d ie s  
a r e  s t r a i n e d  and  defo rm ed  u n t i l  th e y  f i n a l l y  b r e a k  down
i n t o  s m a l l e r  and  s m a l l e r  e d d i e s .  T hese  e d d ie s  a r e  
d i s p e r s e d  i n  t h e  t u r b u l e n t  s t r e a m  and c o n s e q u e n t ly  
t r a n s p o r t  a l l  t r a n s f e r a b l e  p r o p e r t i e s  s u c h  a s  k i n e t i c  
e n e r g y ,  m ass o r  h e a t .  Townsend ( 9 6 ) and H in z e  ( 3 6 ) 
s u g g e s t  t h a t  l a r g e r  e d d ie s  a t t a c h e d  t o  t h e  w a l l  a b s o r b  
e n e rg y  fro m  th e  mean v e l o c i t y  g r a d i e n t ,  b r e a k  away 
f ro m  t h e  w a l l ,  and  become f r e e ,  d e ta c h e d  e d d ie s  t h a t  
o r i e n t  th e m s e lv e s  a c c o r d i n g  t o  t h e  a p p ly in g  s t r a i n s .  
T h ese  f r e e  e d d ie s  d i f f u s e  by t u r b u l e n c e  to w a rd  t h e  i n n e r  
r e g i o n s  o f  t h e  p i p e  s e c t i o n  ( t h e  c e n t e r ) ,  t h e r e b y  t r a n s ­
p o r t i n g  t h e i r  k i n e t i c  e n e rg y  b u t  a t  t h e  same t im e  
d e c a y in g  i n t o  s m a l l e r  e d d ie s  t h a t  d i s s i p a t e  e n e r g y .  As
t h e s e  f i n e  e d d ie s  d i s s i p a t e  t h e i r  k i n e t i c  e n e r g y , th e y  
t u r n  i n t o  e n e rg y  p o o r  f l u i d  lumps t h a t  f lo w  b a c k  t o  t h e
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w a l l  w here  th e y  a r e  s h e a r e d  a g a i n  by t h e  mean m o tio n  i n t o  
s m a l l e r  h i g h  i n t e n s i t y  e d d ie s .
A c c o rd in g  t o  t h e  S i m i l a r i t y  and  L o c a l  I s o t r o p y  
t h e o r i e s ,  a t  h ig h  R eyno lds  num bers t h e  m o tio n  o f  t h e  
s m a l l e s t  e d d ie s  o f  t h e  h i g h e s t  wave num bers i s  u n iq u e ly  
d e te r m in e d  by t h e  l o c a l  r a t e  o f  e n e rg y  d i s s i p a t i o n ,  , 
a nd  t h e  k i n e m a t i c  v i s c o s i t y  v . T h ese  e d d ie s  b e h a v e  l i k e  
s i m i l a r  e d d ie s  i n  f r e e  t u r b u l e n c e  and  a r e  in d e p e n d e n t  o f  
e x t e r n a l  c o n d i t i o n s  c a u s in g  a n i s o t r o p y  su c h  a s  t h e  f i n i t e  
p i p e  d i a m e t e r  and  w a l l  e f f e c t s .  They d i s s i p a t e  t h e i r  
e n e rg y  by v i s c o u s  e f f e c t s  and  a r e  i s o t r o p i c  d e s p i t e  t h e  
a n i s o t r o p y  o f  t h e  f lo w .
A l l  e v id e n c e s  a v a i l a b l e  i n d i c a t e  t h a t  t h e  l a r g e r  
e d d ie s  i n  p i p e  o r  c h a n n e l  f lo w  a r e  a n i s o t r o p i c .  T h a t  i s  
t h e i r  s i z e  and  m o tio n  a r e  n o t  in d e p e n d e n t  o f  t h e  c h a r a c ­
t e r i s t i c  c o n d u i t  d im e n s io n  ( o r  p i p e  d i a m e t e r ) .
K o lm o g o r o f f 's  s e co n d  h y p o t h e s i s  c o n c e r n in g  t h e  l a r g e r  
e d d ie s  o f  t h e  i n e r t i a l  s u b ra n g e  (4 $ )  i s  n o t  b e l i e v e d  to  
a p p ly  t o  t h e  l a r g e r  e d d ie s  i n  p i p e  f lo w .  I n  o t h e r  words 
t h e i r  m o t io n  i s  n o t  s o l e l y  d e te rm in e d  by  t h e  r a t e  o f  
e n e rg y  d i s s i p a t i o n ,  and  t h e  a v e r a g e  s i z e  o f  t h e s e  e d d ie s  
w ould  n o t  b e  p r o p e r l y  e x p r e s s e d  by an  i n h e r e n t  l e n g t h  
s c a l e  o b t a i n e d  f ro m  u ' and . The a s s u m p t io n  o f  
i s o t r o p y  o v e r  t h e  p i p e  c o re  i s  a  s i m p l i f y i n g  a s s u m p t io n  
t h a t  i s  o n ly  a p p ro a c h e d  a t  t h e  p i p e  c e n t e r .  I t  i s  
n o rm a l ly  made b e c a u s e  i t  s i m p l i f i e s  t h e  t r e a t m e n t  o f
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t u r b u l e n c e  m easu rem en ts  c o n s i d e r a b l y .  However, a  c e r t a i n  
d e g re e  o f  a n i s o t r o p y  p r e v a i l s  o v e r  t h e  c o r e ;  i n  f a c t ,  
t h e  w a l l  e f f e c t  i s  f e l t  a l l  t h e  way t o  t h e  p i p e  a x i s .  
C o r r e l a t i o n  f u n c t i o n s  a r e  known t o  f a l l  o f f  much more 
r a p i d l y  i n  t h e  t r a v e r s a l  d i r e c t i o n  t h a n  i n  t h e  a x i a l  
d i r e c t i o n  ( 9 6 ) .  L a u f e r ' s  s p a t i a l  c o r r e l a t i o n  m e a su re ­
m ents  i n  a  tw o - d im e n s io n a l  c h a n n e l  showed t h a t  l o n g i ­
t u d i n a l  c o r r e l a t i o n  i n  t h e  a x i a l  d i r e c t i o n  e x te n d s  o v e r  
much l a r g e r  d i s t a n c e s  th a n  t r a n s v e r s e  c o r r e l a t i o n s .  
S e a g ra v c  and  P a h ie n  ( 7 6 ) r e p o r t e d  t h e  a x i a l  eddy 
d i f f u s i v i t y  a t  p i p e  a x i s  w hich  was 210  t im e s  a t  
Re * 7500  and  460 a t  Re = 5000 . A l l  t h e s e  e v id e n c e s  
show t h a t  t h e  l a r g e  e d d ie s  i n  t h e  c o r e  r e g i o n  a r e  
a n i s o t r o p i c  and  a r e  e lo n g a te d  i n  th e  a x i a l  d i r e c t i o n  
( 5 6 ,  9 6 ) .  T h e i r  d i a m e t e r  a s  d e te rm in e d  f ro m  t h e  s c a l e  
o f  t u r b u l e n c e  i s  s a i d  t o  b e  ro u g h ly  e q u a l  t o  o n e - q u a r t e r  
t o  o n e - h a l f  t h e  r a d i u s  o f  t h e  p ip e  and  i s  n e a r l y  c o n s t a n t  
i n  t h e  c o re  r e g i o n  ( 5 6 ) .
The ab o v e  q u a l i t a t i v e  a c c o u n t  s u g g e s t s  t h a t  one 
c o u ld  w r i t e :
*c  = f  ( D 'x y '  d ,  %) (3 -4 4 )
w here
D’ = t h e  i n t e n s i t y  o f  t u r b u l e n t  d e fo r m a t io nxy
( s e e  be low )
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d = p i p e  d ia m e te r  
V = k in e m a t i c  v i s c o s i t y  
A L a g ra n g ia n  a n a l y s i s  o f  lump d e f o r m a t io n  d e a l s  w i th  
t h e  r e l a t i v e  m o tio n  o f  two f l u i d  p a r t i c l e s  t h a t  a r e  
i n i t i a l l y  v e ry  c l o s e  t o  eac h  o t h e r .  D i s p e r s i o n  o r  
t u r b u l e n t  d i f f u s i o n  i n  t h i s  c a s e  may be  c o n s id e r e d  a 
f u n c t i o n  o f  t h e  r a t e  o f  s e p a r a t i o n  o f  t h e s e  two p a r t i c l e s  
w hich  w i l l  b e  a f f e c t e d  by t u r b u l e n t  m o tio n s  o f  a l l  wave 
num bers . The r e s u l t  showed t h a t  a  s m a l l  s p h e r i c a l  
e le m e n t  i s  u l t i m a t e l y  drawn i n t o  a  lo n g  t h i n  r ib b o n  and 
t h a t  t h e  r a t e  o f  d im e n s io n a l  ch ange  o r  d e fo rm a t io n  i s  
an  e x p o n e n t i a l  f u n c t i o n  o f  t im e .  We a r e  i n t e r e s t e d  h e r e  
i n  an  E u l e r i a n  r a t h e r  t h a n  L a g ra n g ia n  d e fo rm a t io n  
a n a l y s i s .
D evelopm ent o f  M ic ro sc o p ic  D e fo rm a t io n  Theory 
by E x te n s io n  o f  P r a n d t l ' s  T heory
T h is  dev e lo p m en t i s  l i m i t e d  t o  i s o t r o p i c  f i e l d s  
i n  o r th o g o n a l  c o o r d i n a t e  s y s te m s .  A g e n e r a l  eddy d i f f u ­
s i v i t y  e q u a t io n  f o r  mass t r a n s f e r  i s
J  as -  a  •
w here
J  » m ass f l u x
g  = eddy d i f f u s i v i t y  t e n s o r
A l l  n o n d ia g o n a l  e le m e n ts  o f ^ a r e  z e r o ;  a l s o
74
b e c a u s e  o f  i s o t r o p y .
®11 “ ®22 “ “ ®c
I n  t h i s  E u l e r i a n  t r e a t m e n t  i t  i s  p o s t u l a t e d  t h a t  i s  
a  f u n c t i o n  o f  t h e  d e f o r m a t io n  r a t e  t e n s o r ,  D ^ j.  F o r  
i s o t r o p i c  t u r b u l e n c e ,  i s  r e l a t e d  t o  t h e  c o n t r a c t i o n  
o r  d o u b le  d o t  p r o d u c t  o f  w hich  i s  a  s c a l a r  q u a n t i t y  
t h a t  i s  h e n c e f o r t h  t r e a t e d  a s  s u c h .
o r
2 =  *  0%,
b i s  a  s c a l a r  c o n s t a n t  t h a t  i s  n o t  a  f a c t o r  i n  th e  
a n a l y s i s .
The d e fo r m a t io n  r a t e  t e n s o r ,  D ^ j ,  c a n  be  o b t a i n e d  
f ro m  t h e  s p a t i a l  v a r i a t i o n  o f  t h e  v e l o c i t y  due to  
t h e  s t r e s s  t e n s o r  i n  c a r t e s i a n  t e n s o r s  a s  f o l l o w s :
The s y m m e t r i c a l  p a r t  o f  t h i s  se c o n d  o r d e r  t e n s o r  D^j 
d e te r m in e s  t h e  d e fo r m a t io n  o f  t h e  f l u i d  an d  i s  c a l l e d  t h e
d e f o r m a t io n  t e n s o r
“i j  -  55cJ + 5 ^  (5-47)
75
The se c o n d  te rm  i n  E q u a t io n  (3 - 4 6 )  i s  t h e  a n t i s y m m e t r i c a l  
p a r t  w h ich  d e te r m in e s  r o t a t i o n  w i t h o u t  d e fo r m a t io n  and  i s  
i d e n t i f i e d  w i t h  v o r t i c i t y .
F o r  i n c o m p r e s s i b l e  l a m in a r  f lo w  i s  a  s t e a d y  
n o n f l u c t u a t i n g  q u a n t i t y  t h a t  i s  r e l a t e d  t o  t h e  s t r e s s  
t e n s o r  by
<3"ij “ M^ij (3-48)
I n  c a s e  o f  t u r b u l e n t  f lo w  b o th  t h e  s t r e s s  and d e f o r m a t io n  
t e n s o r s  a r e  f l u c t u a t i n g  q u a n t i t i e s .  One c o u ld  t h e r e f o r e  
e x p r e s s  t h e s e  v a r i a b l e s  i n  t h e  fo rm  o f  t im e  a v e ra g e d  
mean s q u a r e  v a l u e s .  The xy t e n s o r  e le m e n t  o f  t h e  d e f o r ­
m a t io n  t e n s o r  i s  r e p r e s e n t a t i v e  o f  f o r  i s o t r o p i c
t u r b u l e n c e  and  i s  w r i t t e n  a s :
w here  U ( t )  «  U + u
y  b e in g  t h e  t im e  mean v e l o c i t y  and  u t h e  f l u c t u a t i n g  
com ponen t.
1 D%y(t) -  4 2  + + 4%. ( 2 - 5 0 )
The f i r s t  t e rm  a c c o u n ts  f o r  t h e  m a c ro s c o p ic  d e fo r m a t io n  
o r  v e l o c i t y  g r a d i e n t  e f f e c t .  The t o t a l  d e f o r m a t io n  th u s  
i s  e x p r e s s e d  i n  te rm s  o f  mean and  f l u c t u a t i n g  d e f o r ­
m a t io n s .
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“  ^xy ^xy (5 -5 1 )
E q u a t io n  ( 3 - 4 4 )  w hich  i s  b a se d  on t h e  p o s t u l a t e d  
p h y s i c a l  m odel can  be  now w r i t t e n  more c l e a r l y  i n  t h i s  
g e n e r a l  fo rm :
o r
n = f (a ,
T h is  may b e  r e g a r d e d  a s  an  e x t e n s i o n  o f  P r a n d t l ’s  th e o r y  
w h ich  e x p r e s s e d  t h e  eddy v i s c o s i t y ,  £ ,  f o r  n o n i s o t r o p i c  
t u r b u l e n t  f lo w  i n  te rm s  o f  t h e  m ix in g  l e n g t h ,  t  , and  th e  
v e l o c i t y  g r a d i e n t :
6u
ay ( 3- 22 )
A s i m i l a r  e q u a t io n  can  b e  w r i t t e n  f o r  eddy d i f f u s i v i t y .
a .  i l
Where i s  t h e  m ix in g  l e n g t h  f o r  mass o r  h e a t  t r a n s f e r  
w h ich  h a s  b een  r e f e r r e d  t o  a s  t h e  L a g ra n g ia n  i n t e g r a l  
s c a l e  and i s  n o rm a l ly  r e l a t e d  to  a  by :
a  «  V I
(3 -5 2 )
P r a n d t l ' s  th e o r y  i s  e x te n d e d  h e r e  by m aking t h e  h y p o t h e s i s
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t h a t  t u r b u l e n t  d i f f u s i o n  i s  a  f u n c t i o n  o f  t h e  t o t a l  
i n s t a n t a n e o u s  v e l o c i t y  s p e c t ru m  and f l u c t u a t i o n s .  T h a t  
i s  o  i s  w r i t t e n  h e r e  a s  a  f u n c t i o n  o f  t o t a l  i n s t a n ­
t a n e o u s  d e f o r m a t io n  r a t h e r  t h a n  m a c ro sc o p ic  d e f o r m a t io n  
o r  mean v e l o c i t y  g r a d i e n t  o n l y .  One may now p r o c e e d  
t o  e x p r e s s  j ^ x y ^ ( ^ ) ^  ^  i n  te rm s  o f  t h e  mean s q u a r e s  o f  
t h e  t u r b u l e n t  v e l o c i t y  g r a d i e n t s  o r  t h e  l o c a l  d i s s i ­
p a t i o n  t e r m s .  The a s s u m p t io n s  o f  i s o t r o p y  and  f l a t  
v e l o c i t y  p r o f i l e  o v e r  t h e  c o r e  im ply a  z e r o  v e l o c i t y  
g r a d i e n t  o r  a  z e ro  mean d e f o r m a t io n  so  t h a t  t h e  t o t a l  
i n s t a n t a n e o u s  d e fo r m a t io n  i s  e q u a l  to  t h e  t u r b u l e n t  
d e f o r m a t io n :
(3 - 5 3 )
The mean s q u a r e  t u r b u l e n t  d e fo r m a t io n  D i sxy
xy (#)
F o r  i s o t r o p i c  t u r b u l e n c e .
(&)
i . e . . ?xy 6x dy ( 3 - 5 4 )
H la z e  (3 2 )  showed t h a t :
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£
2 à x 2
By s u b s t i t u t i n g  f o r «xu’
à x '
from  E q u a t io n  ( 3 - l 6 )




( 3 - 5 5 )
B u t a c c o r d i n g  t o  E q u a t io n  ( 3 - 1 7 )
è ( 5 -1 7 )
A lso  f o r  I s o t r o p i c  t u r b u l e n c e .
®) ■ : (S)' ( 3- 10 )
T h e r e f o r e
(3 -5 6 )
From E q u a t io n s  ( 3 - 5 4 )  an d  ( 3 - 5 5 ) ,  t h e  mean s q u a r e  t u r -
 _
b u l e n t  d e f o r m a t io n  c a n  b e  w r i t t e n  a s :
%y \ a x / (5-57)
o r
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xy L V 5 x 7 J (5 -5 8 )
^xy r e g a r d e d  a s  a  m easu re  o f  t h e  I n t e n s i t y  o f  m ic ro ­
s c o p ic  t u r b u l e n t  d e f o r m a t io n  and w i l l  b e  r e f e r r e d  t o  h e r e  
a s  s u c h .
F o r  t h e  more g e n e r a l  c a s e  o f  hom ogeneous non­
i s o t r o p i c  t u r b u l e n c e ,  D ^ ( t )  can  b e  o b t a i n e d  by 
a v e r a g i n g ,  w i th  r e s p e c t  t o  t im e ,  t h e  s q u a r e  o f  E q u a t io n  
( 5 - 5 0 ) :
ÔV d u  . /ôvV  \Sx) 0 - 5 9 )
S in c e  U i s  n o t  a  f u n c t i o n  o f  t im e
StTôïï dUTSHT 
^  by  “  d y  \ d y  / (5 -6 0 )




The se co n d  and  t h i r d  te rm s  o f  E q u a t io n  ( 5 - 5 9 )  d ro p  o u t  
and  we g e t  t h e  f o l l o w i n g  e q u a t i o n  f o r  n o n i s o t r o p i c  f lo w .
^ - ( H ) (5-61)
i.e..
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( 2- 6 2 )
xy
(3 -6 3 )
E q u a t io n  (3 - 6 3 )  r e d u c e s  t o  ( 3 -5 7 )  upon m aking th e  
a p p r o p r i a t e  s u b s t i t u t i o n s  f o r  i s o t r o p i c  t u r b u l e n c e .
S in c e  f o r  t h e  i s o t r o p i c  t u r b u l e n t  c o re  D,
E q u a t io n  ( 3 - 6 2 )  becom es.
D. ,2xy
xy 0 ,
( 3 -6 4 )
E q u a t io n  (3 - 5 2 )  i s  t h e n  w r i t t e n  a s
( 3 - 4 4 )
w here
^xy ( m ' ( 3 - 5 8 )
E q u a t io n  (3 - 4 4 )  may b e  w r i t t e n  i n  d im e n s io n le s s  form :
c
T (3 -6 5 )
T u r b u le n t  D i f f u s i o n  by M ic ro s c o p ic  D e fo rm a tio n  
C om parison  o f  T heory  w i t h  E x p e r im e n ta l  D ata
T u r b u le n t  d e fo r m a t io n  i n t e n s i t i e s  a r e  c a l c u l a t e d  
i n  t h i s  s e c t i o n  from  a v a i l a b l e  t u r b u l e n c e  m easu rem en ts  f o r
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p ip e  f lo w  by a p p ly i n g  th e  e q u a t io n s  g iv e n  I n  A ppend ix  A. 
The d e f o r m a t io n  d a t a  a r e  t h e n  t r e a t e d  t o  d e te r m in e  i f  
th e  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  and  t h e  E u l e r i a n  
I n t e n s i t y  o f  d e fo r m a t io n  a r e  d i r e c t l y  r e l a t e d .
The c o n d i t i o n  o f  I s o t r o p y  was o n ly  a p p ro a c h e d
b u t  n o t  f u l f i l l e d  I n  t h e  d i f f e r e n t  s e t s  o f  d a t a  t r e a t e d
h e r e .  Even a t  t h e  c e n t e r  l i n e  a p p r e c i a b l e  d e p a r t u r e s
from  I s o t r o p y  w ere  r e p o r t e d .  The d e v i a t i o n  was more
p ro n o u n ced  a t  lo w e r  R ey n o ld s  num bers and  f o r  s m a l l e r
d ia m e te r  p i p e s .  A l l  t h e  d e f o r m a t io n  d a t a  p r e s e n t e d
below  w ere  com puted  from  t u r b u l e n c e  d a t a  m ea su re d  a t  t h e
p ip e  a x i s . P o s i t i o n a l  v a r i a t i o n s  I n  o r
w ere fo u n d  t o  b e  s m a l l  and  a r e  p e rh a p s  o f  t h e  same s i z e
a s  r a d i a l  v a r i a t i o n s  I n  a  w i t h i n  t h e  c o r e .  D i r e c t i o n a l
v a r i a t i o n s  I n  due to  t h e  l a c k  o f  t r u e  I s o t r o p y  a r e
b e l i e v e d  r e s p o n s i b l e  f o r  t h e  s c a t t e r  shown I n  F i g u r e
1 ) .  The lo w e s t  and  h i g h e s t  D' v a l u e s  w ere  c a l c u l a t e dxy
from  a c t u a l  u \  v '  and  w ' d a t a  and p l o t t e d  I n  t h i s  
f i g u r e ;  t h e  same p r o c e d u r e  was fo l lo w e d  f o r  c a l c u l a t i n g  
d a t a  o f  F i g u r e  l 4 .
A l l  R e y n o ld s  num bers u sed  h e r e  a r e  a v e r a g e  
R eyno lds num bers b a s e d  on t h e  a v e r a g e  b u lk  v e l o c i t y ,  V, 
r a t h e r  t h a n  a x i a l  R ey n o ld s  n u m b ers , R e^ , b a se d  on t h e  
maximum v e l o c i t y  U^. S in c e  some a u t h o r s  r e p o r t e d  
d a ta  o n l y ,  t h e  a v e r a g e  b u lk  v e l o c i t y  was c a l c u l a t e d  
from  Uq by means o f  N u n n e r 's  v e l o c i t y  c o r r e l a t i o n  (6 1 )
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o r  t h e  m o d i f i e d  c o r r e l a t i o n  s u g g e s t e d  by S e n e c a l  (7 7 )
and  R o th f u s  and  Monrad ( 6 8 ) .  The r e l a t i o n s h i p  be tw een
Uq and  V i s  d i s c u s s e d  i n  d e t a i l  i n  C h a p te r  IV .
B a ld w in  ( 3 )  r e p o r t e d  m i c r o s c a l e  d a t a  computed
from  e n e rg y  s p e c t ru m  m ea su re m e n ts .  The i n t e n s i t y  o f
t u r b u l e n c e ,  ~  , o v e r  t h e  e n t i r e  r a n g e  o f  v e l o c i t i e s  
o
was c h e c k e d  by S an db o rn  and  foun d  t o  be  O.O3 5 . T h is  
v a lu e  was l a t e r  r e p o r t e d  by B a ldw in  ( 4 )  who f e e l s  t h a t  
i t  i s  m ore a c c u r a t e  t h a n  t h e  v a lu e s  r e p o r t e d  i n  h i s  
d i s s e r t a t i o n .  I s o t r o p y  d a t a  s c a t t e r e d  som ewhat;
B a ld w in  f e l t  t h a t  ^  was a p p ro x im a te ly  O .7 -O .8 ; a
V *-QT r a t i o  o f  0 .7 5  was u se d  f o r  com pu ting  t h e  d a ta  o f
T a b le  V I I .  T u rb u le n c e  m easu rem en ts  made a t  U « I 60o
f . p . s .  a r e  n o t  i n c l u d e d  h e r e  s i n c e  th e y  a r e  l e s s  
c e r t a i n  t h a n  t h o s e  a t  lo w e r  v e l o c i t i e s .  T h e i r  d e v i a ­
t i o n s  c o u ld  b e  due t o  t h e  f a s t e r  r e s o l u t i o n  r e q u i r e d  
a t  h i g h e r  v e l o c i t i e s .  T h is  was t h e  e a r l i e s t  s e t  o f  
m ea su re m e n ts  made by B a ld w in .
L a u f e r  ( 4 6 ,  47) k in d ly  made a v a i l a b l e  h i s  
a c t u a l  n u m e r i c a l  d a t a  on t h e  i n t e n s i t y  o f  t u r b u l e n c e  
and d i s s i p a t i o n  te rm s  w h ich  w ere u se d  h e r e  f o r  com­
p u t i n g  d e f o r m a t io n  and  d i s s i p a t i o n  p a r a m e t e r s .
F i g u r e  12 i s  a  p l o t  o f  t h e  se c o n d  moment o f  
T a y l o r ' s  o ne  d im e n s io n a l  e n e rg y  sp e c t ru m  f u n c t i o n  v e r s u s  
t h e  f r e q u e n c y ,  n ,  a s  com puted from  a  sm oothed  p l o t t i n g  
o f  S a n d b o r n 's  a c t u a l  n u m e r ic a l  sp e c t ru m  d a t a  w hich  w ere
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Fig. 12 DETERMINATION OF THE EXPECTED NUMBER OF ZERO VELOCITIES
PER SECOND 
FROM SANDBORN'S SPECTRUM DATA
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k in d ly  made a v a i l a b l e  by him ( 7 1 ) .  T hese  n u m e r ic a l  
s p e c t ru m  d a t a  a r e  b e l i e v e d  t o  be  more c o r r e c t  th a n  
F i g u r e  20 o f  h i s  n o t e  ( 7 0 ) .  The I n t e n s i t y  o f  d e f o r -
—T
m a t lo n  was c a l c u l a t e d  h e r e  from  n w hich  was d e te rm in e d  
by t h e  g r a p h i c a l  I n t e g r a t i o n  o f  F i g u r e  12.
B r o o k s h i r e  (1 1 )  r e p o r t e d  open  p i p e  m ic r o ­
s c a l e  d a t a  (A ) f o r  a i r  f lo w  o v e r  a  r a n g e  o f  R ey n o ld s  
s
number b e tw een  818OO and  201000 . As h e  p o i n t e d  o u t ,  
t h e  v e ry  h ig h  n o i s e  l e v e l  made i t  d i f f i c u l t  t o  o b t a i n  
a c c u r a t e  m ea su re m e n ts  a t  t h e  lo w e r  R e y n o ld s  num bers . 
The n o i s e  l e v e l  was o f  t h e  same o r d e r  a s  t h e  s i g n a l  
I t s e l f  a t  R ey n o ld s  num bers be low  8 1 8 0 0 . T h e re  was no 
c l e a r  p a t t e r n  f o r  t h e  v a r i a t i o n  o f  w i th  Re w hich  
l e d  B r o o k s h i r e  t o  s p e c u l a t e  t h a t  may b e  In d e p e n d e n t  
o f  R eyn o lds  num ber. He a l s o  I n d i c a t e d  t h a t  u '  v a lu e s  
m easu red  I n  h i s  w ork  w ere  c o n s i d e r a b l y  m ore a c c u r a t e  
and  r e l i a b l e  t h a n  t h e  w ' I n t e n s i t i e s . The two p o i n t s  
g iv e n  I n  T a b le  V I I  a r e  com puted from  h i s  u ' and  
d a t a  a t  t h e  two h i g h e s t  R ey n o ld s  num b ers .
Cohen ( 1 5 ) d e te rm in e d  t h e  I n t e n s i t i e s  o f  
t u r b u l e n c e  and  d i s s i p a t i o n  l e n g t h s  o r  m i c r o s c a l e s  f o r  
t u r b u l e n t  w a te r  f lo w  I n  a  p i p e .  T hese  l i q u i d  f lo w  d a t a  
a lo n g  w i th  t h a t  o f  Lee and  Brodkey ( 4 8 ,  49) w ere  
o b t a i n e d  u s i n g  t h e  h i g h l y  s e n s i t i v e  c o n s t a n t  t e m p e r a tu r e  
h o t  f i l m  anem om eter . E a r l i e r  a t t e m p t s  t o  make
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e x t e n s i v e  t u r b u l e n c e  m easu rem en ts  i n  l i q u i d  f lo w  had 
n o t  b e en  v e ry  s u c c e s s f u l  due t o  t h e  l a c k  o f  r e l i a b l e  
s e n s i n g  d e v ic e s  o f  h ig h  r e s p o n s e  and  s e n s i t i v i t y  t h a t  
a r e  s u i t e d  f o r  u s e  i n  l i q u i d  f lo w .
K a l in s k e  and  Van D r i e s t  (4o) made i n t e n s i t y  
and  c o r r e l a t i o n  c o e f f i c i e n t  m easu rem en ts  i n  open 
c h a n n e l  w a t e r  f lo w  by i n j e c t i n g  a  c o lo r e d  dye and 
p h o to g ra p h in g  t h e  f l u c t u a t i o n s  a t  t h e  t i p  o f  t h e  
i n j e c t o r  u s i n g  a  h ig h  sp e e d  m o tio n  cam era . The d a ta  
d id  n o t  a g r e e  w i t h  Karman-Howarth e q u a t i o n  i n d i c a t i n g  
t h e  l a c k  o f  t r u e  i s o t r o p y .  T h is  v i s u a l  t e c h n iq u e  i s  
l e s s  a c c u r a t e  t h a n  t h e  h o t  f i l m  anem om eter m ethod .
E x p e r im e n ta l  d e fo r m a t io n  and  eddy d i f f u s i v i t y  
d a t a  o b t a i n e d  f ro m  T a b le  V I I  and E q u a t io n  ( 2 - l 4 )  w ere  
u se d  f o r  p l o t t i n g  - ÿ  v e r s u s  d / v  ( F i g u r e  1 5 ) .  The 
r e s u l t s  a r e  a l s o  l i s t e d  i n  T a b le  V I I I .  The e x c e l l e n t  
c o r r e l a t i o n  shown by F i g u r e  15 d e m o n s t r a te s  a  v e ry  
good a g re e m e n t  b e tw e e n  th e  p ro p o se d  th e o r y  and  a v a i l a b l e  
d a t a .  The d a t a  f o r  a i r  f low  w ere f i t t e d  by t h e  l e a s t  
s q u a re  m ethod u s i n g  b o t h  e x tre m e  d i r e c t i o n a l  d e f o r ­
m a t io n  v a lu e s  and  t h e  f o l lo w in g  e q u a t i o n  was o b t a i n e d :
“ c / c '  d 2 \ 0 . 6 0 5
-57 -  0-091 M - y  (3-6«)
C o r r e l a t i o n  c o e f f i c i e n t  ■ O.9815
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C o h e n 's  d a t a  f o r  w a te r  f lo w  f e l l  on a  l i n e
p a r a l l e l  t o  t h e  c o r r e l a t i o n  l i n e  o f  a i r  f low  d a t a .
The a u t h o r  i s  i n c l i n e d  t o  b e l i e v e  t h a t  t h e  d i f f e r e n c e
i n  t h e  c o e f f i c i e n t  i s  due to  e x p e r im e n ta l  e r r o r s
r a t h e r  th a n  a  r e a l  e f f e c t .  W ater f lo w  d a t a  a r e  to o
m eager and  s e n s i t i v e  t o  s l i g h t  e r r o r s  i n  V and D' .xy
W ater f lo w  t e m p e r a t u r e  was n o t  g iv e n  i n  t h i s  work 
and was assum ed 2 0 °0 .  f o r  c a l c u l a t i n g  V . A lso  t h e r e  
a r e  many d i f f i c u l t i e s  a s s o c i a t e d  w i th  t h e  o p e r a t i o n  o f  
th e  h o t  f i l m  anem om eter i n  l i q u i d  s y s te m s .  T h e r e fo r e  
t u r b u l e n c e  m easu rem en ts  a r e  more a c c u r a t e  f o r  a i r  f low  
th a n  w a te r  f lo w .  The a u th o r s  s u g g e s t e d  a p r o b a b le  10# 
e r r o r  i n  i n t e n s i t y  m easu rem en ts  ( 1 3 ) .  W ater f low  
p o i n t s  f a l l  c l o s e r  t o  th e  a i r  c o r r e l a t i o n  l i n e  when 
V i s  I n t r o d u c e d  a s  one  o f  t h e  v a r i a b l e s .
T a y lo r  ( 8 5 ) showed t h a t  f o r  i s o t r o p i c  t u r b u ­
l e n c e ,  t h e  r a t e  o f  en e rg y  d i s s i p a t i o n  p e r  u n i t  mass 
p e r  u n i t  t im e ,  i s
( 3 -9 )
O th e r  d i s s i p a t i v e  q u a n t i t i e s  c a n  b e  r e a d i l y  
r e l a t e d  t o  by t h e  f o l lo w in g  e q u a t i o n s ;
2
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D i r e c t i o n a l
V a lu e
H ig h e s t
D i r e c t i o n a l
V a lu e
“ c
V F l u i d
242000 ( 6 2 .9 8 ) ( 1 0 ^ ) ( 8 5 . 9 8 ) 10^) 328 A ir
560000 ( 1 1 5 .0 7 ) ( 1 0 ^ ) ( 1 5 3 . 4 5 ) 10^) 445 A ir
460000 ( 1 6 7 .4 7 ) ( 1 0 ^ ) ( 2 2 5 . 2 9 ) 10*) 544 A ir
41000 ( 5 . 9 8 0 0 ) ( 1 0 ^ ) ( 7 . 3 2 ) 10*) 7 5 .6 A ir
41000 ( 7 .0 4 ) ( 1 0 ^ ) ( 7 . 7 0 ) 10*) 7 5 .6 A ir
425000 ( 1 2 9 . 6 2 ) ( 10^) (1 5 2 .8 4 ) 10*) 514 A ir
186000 —-  — ( 5 0 . 7 3 ) 10*) 250 A ir
201000 — — — ( 5 5 . 1 2 ) 10*) 270 A ir
41000 ( 1 5 .0 0 ) ( 1 0 ^ ) ( 1 6 . 3 9 ) 10*) 7 5 .6 W ater
85400 ( 2 9 . 6 5 ) ( 10^) ( 3 6 . 0 2 ) 10*) 132 W ater
78000* ( 5 4 .4 o ) (1 0 ^ ) ( 3 7 . 0 8 ) 10*) 126 W ater
* Open c h a n n e l
90
s.' -  30%  %g- ( 3- 67)
%’ -  ( 7 3 .9 5 )  V ( ^ )  N® (3 -6 8 )
%' -  5 V ^  (3 -6 9 )
E q u a t io n  (5 -6 9 )  r e l a t e s  t h e  l o c a l  r a t e  o f  en e rg y  d i s s i ­
p a t i o n  t o  t h e  mean s q u a r e  d e f o r m a t io n .  E q u a t io n  (5 -6 6 )  
c o u ld  t h e r e f o r e  b e  w r i t t e n  i n  te rm s  o f  t h e  l o c a l  r a t e  
o f  e n e rg y  d i s s i p a t i o n  e , ' .
D i s c u s s io n
The r e s u l t s  o b t a i n e d  i n  t h i s  c h a p t e r  s u g g e s t  
t h a t  t u r b u l e n t  d i f f u s i o n  i n  p i p e  f lo w  depends on b o th  
m ic r o s c o p ic  and  m a c ro sc o p ic  d e f o r m a t io n s ,  p i p e  d i a m e t e r ,  
and  k in e m a t i c  v i s c o s i t y .  T h is  a l s o  means t h a t  t h e  
t u r b u l e n t  d i f f u s i v i t y  and  t h e  l o c a l  r a t e  o f  e n e rg y  
d i s s i p a t i o n  a r e  r e l a t e d .  T h a t  i s ,  t h e  L a g ra n g ia n  eddy 
d i f f u s i v i t y  i s  r e l a t e d  t o  m e a s u ra b le  E u l e r i a n  t u r ­
b u le n c e  q u a n t i t i e s .  The th e o r y  e x te n d s  P r a n d t l ' s  
o r i g i n a l  M ix ing  L eng th  T heory  t o  i n c l u d e  t h e  e f f e c t  o f  
m ic r o s c o p ic  o r  t u r b u l e n t  d e f o r m a t io n s  due t o  t u r b u l e n t  
f l u c t u a t i o n s .
The t u r b u l e n t  d i f f u s i o n  m echanism  p ro p o se d  
h e r e  i s  i n  harmony w i t h  T o w nsen d 's  (9 6 )  and H i n z e 's  (5 6 )  
e x p l a n a t i o n  o f  t h e  s t r u c t u r e  o f  t u r b u l e n c e  i n  p i p e  f lo w .
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L a r g e r  e d d ie s  a t t a c h e d  t o  t h e  w a l l  a b s o rb  e n e rg y  from  
t h e  mean v e l o c i t y  g r a d i e n t  t o  b r e a k  away from  t h e  w a l l  
a s  f r e e  d e ta c h e d  e d d i e s .  T hese  l a r g e  e d d ie s  d i s i n t e g r a t e  
i n t o  s m a l l e r  and s m a l l e r  f r e e  e d d ie s .  The s m a l l e s t  e d d ie s  
d i s s i p a t e  en erg y  i n t o  h e a t .  The h y p o t h e s i s  made i n  t h i s  
c h a p t e r  i s  t h a t  t h e  l a r g e r  e d d ie s  o r  lumps d e fo rm  and 
s t r a i n  u n d e r  t h e  e f f e c t  o f  b o th  f l u c t u a t i n g  t u r b u l e n t  
an d  s t e a d y  s h e a r  s t r e s s e s .  I t  i s  a l s o  p o s t u l a t e d  t h a t  
m a t e r i a l  and th e r m a l  t u r b u l e n t  d i f f u s i v i t i e s  depend  on 
t h e  i n t e n s i t y  o f  su c h  d e f o r m a t io n s .  S in c e  t h e  i n t e n s i t y  
o f  d e fo r m a t io n  c o n t r o l s  t h e  r a t e  o f  d i s i n t e g r a t i o n  o f  
lum ps* o r  e d d ie s  i n t o  v e ry  s m a l l  e d d ie s  o f  t h e  m ic r o ­
s c a l e  s i z e ,  one c o u ld  sa y  t h a t  t u r b u l e n t  d i f f u s i o n  o r  
d i s p e r s i o n  depends on t h e  r a t e  o f  d i s i n t e g r a t i o n  o f  th e  
l a r g e r  e d d i e s .  T h is  m ic r o s c o p ic  t u r b u l e n t  d e f o r m a t io n  
m odel d i f f e r s  from  T a y l o r ' s  L a g ra n g ia n  m odel i n  t h a t  a 
lum p, u n l i k e  a  f l u i d  p a r t i c l e ,  do es  n o t  r e t a i n  i t s  
i d e n t i t y  a s  i t  t r a v e l s  i n  t h e  t u r b u l e n t  f i e l d .
The d epend en ce  o f  a  on u  f o l lo w s  from  i t s  
d e p en d e n ce  on ( E q u a t io n s  (5 -6 8 )  and ( 5 - 6 9 ) ) .  A lso ,  
a c c o r d i n g  to  th e  T heory  o f  L o c a l  I s o t r o p y ,  t h e  t u r b u l e n t  
m o t io n  o f  th e  s m a l l e s t  e d d ie s  depends on V and  d o e s  n o t  
d epend  on e x t e r n a l  c o n d i t i o n s  such  a s  v e s s e l  d im e n s io n s .
* Lumps d i f f e r  from  e d d ie s  i n  t h a t  a  s p i n n i n g  m o tio n  i s  
n o t  r e q u i r e d ;  lumps i s  more g e n e r i c .
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I t  i s  commonly u n d e r s to o d  (5 6 )  t h a t  t h e  l a r g e  
e d d ie s  make a g r e a t e r  c o n t r i b u t i o n  t o  t r a n s p o r t  i n  t u r ­
b u l e n t  f l o w .  As p o i n t e d  o u t  e a r l i e r  i n  t h i s  c h a p t e r ,  
l a r g e  e d d ie s  i n  p ip e  f low  a r e  b e l i e v e d  a n i s o t r o p i c  and 
d e p e n d e n t  on p i p e  d i a m e te r .  They a r e  e lo n g a te d  i n  th e  
a x i a l  d i r e c t i o n .
The dependen ce  o f  t u r b u l e n t  d i f f u s i v i t y  on t h e  
l o c a l  r a t e  o f  e n e rg y  d i s s i p a t i o n  may be  f u r t h e r  i n t e r ­
p r e t e d  i n  t h e  l i g h t  o f  L a u f e r ' s  e x p e r i m e n t a l  r e s u l t s  on 
t h e  s t r u c t u r e  o f  t u r b u le n c e  i n  f u l l y  d e v e lo p e d  p ip e  flow  
( 4 6 ) .  He d e te rm in e d  a s  a f u n c t i o n  o f  r a d i a l  p o s i t i o n  
t h e  v a r i o u s  e n e rg y  te rm s i n  t h e  e n e rg y  e q u a t io n  w r i t t e n  
i n  c y l i n d r i c a l  c o o r d i n a t e s :
%u + u + w \ . I d  (pv  r \
,------i-----r  r 3ri— ; -
The f i r s t  te rm  c o r r e s p o n d s  t o  t h e  r a t e  o f  p r o d u c t i o n  o f  
t u r b u l e n t  e n e rg y  by s h e a r i n g  s t r e s s e s .  The se co n d  and 
t h i r d  te rm s  r e p r e s e n t  t h e  r a t e  o f  e n e rg y  change  due to  
k i n e t i c  e n e rg y  and  p o t e n t i a l  e n e rg y  t r a n s f e r  r e s p e c t i v e l y  
by r a d i a l  v e l o c i t y  f l u c t u a t i o n s ;  th e y  a r e  u s u a l l y  r e f e r r e d  
t o  a s  d i f f u s i o n  t e n u s .  The f o u r t h  te rm  e x p r e s s e s  a  g r a ­
d i e n t  t y p e  o f  e n e rg y  d i f f u s i o n  t h a t  i s  i m p o r t a n t  o n ly  v e ry
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n e a r  t h e  w a l l .  The l a s t  t e rm  e x p r e s s e s  th e  r a t e  o f  e n e rg y  
d i s s i p a t i o n  i n t o  h e a t  by v i s c o s i t y  a c t i o n  ( 4 6 ) .  L a u f e r ' s  
d a t a  showed t h a t  n e a r  t h e  c e n t e r ,  t h e  l o c a l  r a t e  o f  e n e rg y  
d i s s i p a t i o n  e q u a l s  t h e  r a t e  o f  e n e rg y  d i f f u s i o n  (no  e n e rg y  
p r o d u c t i o n ) . The d i f f u s i o n  r a t e  o f  p o t e n t i a l  e n e rg y  was 
z e r o  n e a r  t h e  c e n t e r  and  o p p o sed  t h e  d i r e c t i o n  o f  k i n e t i c  
e n e rg y  d i f f u s i o n  o v e r  m ost o f  t h e  p ip e  c r o s s  s e c t i o n .
S in c e  t h e  d i s s i p a t i o n  and  d i f f u s i o n  r a t e s  a r e  
e q u a l  a t  t h e  c e n t e r ,  one c o u ld  t h e n  say  t h a t  t u r b u l e n t  
d i f f u s i o n  may be  a  f u n c t i o n  o f  t h e  e n e rg y  d i f f u s i o n  r a t e .  
One would  h a v e  t o  t a k e  t h e  t o t a l  e n e rg y  d i f f u s i o n  r a t e  
( k i n e t i c  and  p o t e n t i a l )  i n  o r d e r  t o  a c c o u n t  f o r  t h e  f a c t  
t h a t  a  d e c l i n e s  away f ro m  t h e  c e n t e r .  T h is  s u g g e s t s  
t h a t  t u r b u l e n t  d i f f u s i o n  may be  a  f u n c t i o n  o f  t h e  r a d i a l  
g r a d i e n t  o f  t h e  sum o f  t h e  E u l e r i a n  t r i p l e  c o r r e l a t i o n  
f u n c t i o n s  and  t h e  p r e s s u r e - v e l o c i t y  c o r r e l a t i o n  f u n c t i o n .  
T h is  s h o u ld  be  a n  i n t e r e s t i n g  a r e a  f o r  f u t u r e  e x p e r i ­
m e n ta l  i n v e s t i g a t i o n .
I t  was shown i n  C h a p te r  I I  t h a t ,  i n  p i p e  f lo w ,  
t u r b u l e n t  d i f f u s i v i t y  i s  n o t  d e p e n d e n t  on m o le c u l a r  
d i f f u s i v i t y  and  t h a t  m o le c u l a r  d i f f u s i v i t y  makes i t s  
own s m a l l  in d e p e n d e n t  c o n t r i b u t i o n  t o  t h e  t o t a l  eddy 
d i f f u s i v i t y .  T h is  e m p i r i c a l  r e s u l t  was ta k e n  i n t o  
a c c o u n t  i n  t h i s  c h a p t e r ;  t u r b u l e n t  d i f f u s i v i t y  i s  n o t  
assum ed a f u n c t i o n  o f  D^. S e v e r a l  p a p e r s  a p p e a re d  i n
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r e c e n t  y e a r s  d e a l i n g  w i th  th e  s p e c t ru m  f u n c t i o n  o f  s c a l a r  
f l u c t u a t i o n s  su c h  a s  t e m p e r a tu r e  o r  c o n c e n t r a t i o n  ( l 6 ,
1 7 , 1 8 , 2 9 , 8 5 ) .  C o r r s in  (17 )  p ro p o se d  t h a t  th e  same 
wave number c a s c a d in g  m echanism  o f  t u r b u l e n t  v e l o c i t y  
s p e c t ru m  c o u ld  be  a p p l i e d  to  t e m p e r a tu r e  o r  c o n c e n ­
t r a t i o n  f l u c t u a t i o n s  and t h a t  h e a t  o r  m ass w ould  be 
d i s s i p a t e d  a t  t h e  h i g h e s t  wave number by m o le c u la r  
d i f f u s i o n .  D i s s i p a t i o n  means h e r e  t h e  sm e a r in g  o u t  
o f  f l u c t u a t i o n s .  L a t e r  work by C o r r s i n  ( 1 6 ) and 
B a t c h e l o r  ( 5 )  s u g g e s te d  t h a t ,  i n  d e c a y in g  g r i d  t u r b u ­
l e n c e  a t  Sc »  1 , t h e  r a t e  o f  t im e  decay  o f  s c a l a r  
q u a n t i t i e s  w ould n o t  be s t r o n g l y  d e p e n d e n t  on 
K e e le r  e t  a l .  ( 4 l )  found  no d i f f e r e n c e  b e tw een  th e  
r a t e s  o f  d ecay  o f  c o n c e n t r a t i o n  f l u c t u a t i o n  i n  sy s te m s  
d i f f e r i n g  i n  t h e i r  m o le c u la r  d i f f u s i v i t i e s  by a f a c t o r  
o f  two. C o r r s i n  p ro p o se d  a c a s c a d e  m odel t h a t  showed 
a s h a r p  c u t - o f f  i n  th e  t r a n s f e r  r a t e  a t  h ig h  wave 
numbers i n  t h e  v i s c o u s  r e g i o n  ( 1 8 ) w h ich  may a l s o  
e x p l a i n  t h e  l a c k  o f  dependence  on D^ fo u n d  h e r e  and 
r e p o r t e d  a l s o  by K e e le r  e t  a l .  ( 4 l ) .
A p p l i c a b i l i t y  o f  K o lm o g o ro f f 's  L o c a l  I s o t r o p y  
T h e o ry . -  The f i r s t  h y p o th e s i s  o f  t h e  Theory  o f  L o ca l  
I s o t r o p y  i s  t h a t  t h e  n o n i s o t r o p y  o f  t h e  mean f lo w  does 
n o t  e x te n d  down t o  t h e  m o tio n  o f  t h e  s m a l l e s t  e d d i e s ,  
and  t h a t  a t  s u f f i c i e n t l y  h ig h  R ey n o ld s  numbers t h e r e
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i s  a  ran g e  o f  h ig h  f r e q u e n c i e s  w here  t h e  t u r b u l e n c e  i s  
s t a t i s t i c a l l y  i n  e q u i l i b r i u m  and i s  u n iq u e ly  d e te rm in e d  
by th e  r a t e  o f  e n e rg y  d i s s i p a t i o n  and t h e  k in e m a t i c  
v i s c o s i t y  i) ( 2 8 , 4 4 ) .  The e q u i l i b r i u m  i s  te rm ed  
u n i v e r s a l  b e c a u s e  t h e  t u r b u l e n c e  i n  t h i s  r a n g e  i s  
in d e p e n d e n t  o f  e x t e r n a l  c o n d i t i o n s .  T h is  f i r s t  
h y p o th e s i s  would b e  e x p e c te d  t o  a p p ly  t o  t u r b u l e n t  
p ip e  f low  a t  h ig h  R ey n o ld s  num bers . The m o tio n  o f  
t h e  l a r g e  e d d i e s ,  h o w ev er ,  i s  n o t  u n i v e r s a l  o r  i s o ­
t r o p i c  and dep en ds  on p ip e  d i a m e t e r .
The se c o n d  h y p o t h e s i s  s a y s  t h a t  a t  i n f i n i t e l y  
l a r g e  R eyno lds n u m b ers ,  t h e r e  i s  an  i n e r t i a l  s u b ra n g e  
a t  t h e  lo w e r  end o f  t h e  s p e c t r a l  e q u i l i b r i u m  ra n g e  
w here  t h e  a v e r a g e  p r o p e r t i e s  a r e  s o l e l y  d e te rm in e d  by 
th e  r a t e  o f  en e rg y  d i s s i p a t i o n ,  ^ ' ,  and a r e  in d e p e n d e n t  
o f  i) .  T ha t  i s ,  i t  i s  p o s t u l a t e d  t h a t  t h e  d i s s i p a t i o n  
i n  t h e  r e g io n  o f  f r e q u e n c i e s  v e ry  f a r  below  t h e  r e g i o n  
o f  maximum d i s s i p a t i o n  would be  n e g l i g i b l y  s m a l l  
compared w i th  t h e  f l u x  o f  e n e rg y  t r a n s f e r r e d  by i n e r t i a l  
e f f e c t s  (4 5 ,  6 ) .
E q u a t io n  ( 5 - 6 6 )  i n d i c a t e s  t h a t  i s  a  f u n c t i o n  
o f  and d w hich  s u g g e s t s  t h a t  p e rh a p s  t h e  m a jo r  c o n t r i ­
b u t i o n s  t o  come f ro m  t h e  v e ry  l a r g e  e d d ie s  and  t h e  
i n t e r m e d i a t e  e d d ie s  o f  t h e  i n e r t i a l  su b ra n g e .  One 
c o u ld  w r i t e  by d im e n s io n a l  r e a s o n in g  a s  f o l lo w s :
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= ( c o n s t a n t )  ( ( 3 - 7 1 )
T h is  fo rm  was a l s o  p ro p o s e d  by o t h e r s  ( 9 7 ) .
R ey n o ld s  number s h o u ld  be  s u f f i c i e n t l y  l a r g e  
t o  f u l f i l l  t h e  c o n d i t i o n  o f  s t a t i s t i c a l  In d ep e n d en c e  and 
f o r  t h e  e x i s t e n c e  o f  t h e  I n e r t i a l  s u b r a n g e .  H lnze  (3 3 )  
s u g g e s t e d  t h i s  c o n d i t i o n  t o  b e :^
R e | / ^ > » 1  ( 3 -7 2 )
w here
u '%
Re^ .  ( 3 -7 3 )
The lo w e s t  Re^ f o r  t h e  d a t a  l i s t e d  I n  T a b le  V II  
I s  t h a t  o f  L a u f e r ' s  d a t a  a t  Re^ = 50000; by s u b s t i t u t i n g  




(3 -7 4 )
w h ich  g i v e s  Re%^^^ = 22
I n  o t h e r  w ords R e ^ ^ /^  f o r  t h e  d a t a  o f  T a b le  V I I  i s  I n  
e x c e s s  o f  22 w hich  I s  '>> 1.
The v a l i d i t y  o f  t h e  h y p o th e s e s  and  a s s u m p t io n s  
l e a d i n g  t o  E q u a t io n  ( 3 - 7 1 )  c a n  b e  t e s t e d  by com puting  
fro m  t h e  above  e q u a t i o n s  u s i n g  t h e  d a t a  o f  T a b le  V II
1 3 /k
The e x a c t  o r d e r  o f  R e^ I n  t h i s  c o n d i t i o n  I s  n o t  
e s t a b l i s h e d .
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and p l o t t i n g  v e r su s  The r e s u l t s  a re
g iv e n  in  T ab le  IX and p lo t t e d  in  F ig u re  l4  which shows 
th e  lo w e s t  and h ig h e s t  d ir e c t io n a l  d^^^ v a lu e s .
C o n sid er in g  th e  d egree  o f  accu racy  o f  th e  tu r b u len ce  data  
o f  F ig u r e  l 4  and th e  d e v ia t io n  from is o t r o p y ,  i t  can be 
con c lu d ed  t h a t  th e  ex p e r im en ta l d a ta  su p p ort E quation  
0 7 1 ) .
Summary o f  C o n c lu s io n s
T u r b u le n t  d i f f u s i o n  i n  t h e  c o r e  was fo und  t o  be  
a  f u n c t i o n  o f  t h e  i n t e n s i t y  o f  lump d e f o r m a t io n ,  p ip e  
d i a m e t e r ,  and  t h e  k in e m a t ic  v i s c o s i t y .  T h is  i s  e q u iv ­
a l e n t  t o  s a y i n g  t h a t  i t  i s  a  f u n c t i o n  o f  t h e  l o c a l  r a t e  
o f  e n e rg y  d i s s i p a t i o n  and p ip e  d i a m e t e r .
T u r b u le n t  d i f f u s i o n  i s  p o s t u l a t e d  t o  o c c u r  by 
t h e  m o tio n  o f  l a r g e r  e d d ie s  t o  t h e  i n s i d e  o f  t h e  p i p e .  
T h ese  e d d ie s  o r  lumps d e fo rm  and  s t r a i n  u n d e r  t h e  e f f e c t  
o f  p e rm a n e n t  and  f l u c t u a t i n g  s t r e s s e s  u n t i l  th e y  b r e a k  
down i n t o  s m a l l e r  and s m a l l e r  e d d ie s  t h a t  d i s p e r s e .  
P r a n d t l ' s  M ix ing  L en g th  T heory  was e x te n d e d  h e r e  t o  
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S ource  o f  
D ata F l u i d Re d - ( f t )
“ c*
f t ^ / s e c Low est
W
H ig h e s t
Lowest
V a lu e
4 /3
d
H ig h e s t
V a lue
B aldw in  (3 ) A i r 242000 0 .0 5 3 8 4 4 .0 2 7 8 .2 5 2 .0 5 1 2 .4 8 4
360000 0 .6 6 7 0 .0 7 3 0 1 4 8 .8 4 2 6 4 .6 3 .0 7 4 3 .7 2 4
460000 0 .0 8 9 3 1 1 .3 7 5 5 3 .5 5 3 .9 3 4 4 .7 6 6
L a u f e r  (46) A i r 41000 0 .0 1 2 4 0 .2 5 0 .3 0 0 .4 7 6 0 .5 0 5  '
425000 0 .8 1 0 0 .0 8 4 3 8 6 .2 120 3 .3 3 3 .7 2 4
Sandborn  (7 0 ) A i r 41000 0 .0 1 2 4 6 .4 2 9 .5 6 0 .4 2 9 0 .4 9 0
B r o o k s h i r e  (1 1 ) A i r 186000 0 .4 2 3 0 .0 4 1 0 —  — 1 7 7 .1 2 — — 1 .7 8 3
201000 0 .0 4 4 3 — — 2 0 9 .1 7 — — 1 .8 8 4
Cohen (13 ) W ater 41000 0 .2 5 5 0 .0 0 0 8 2 0 .0 3 4 o . o 4 o 0 .0 5 2 0 .0 5 5
85400 0 .0 01 426 0 .1 3 1 0 .1 9 4 0 .0 8 2 0 .0 9 4
K. and V .* * (4 0 ) W ater 78000 1 .3 3 0 .0 0 1 3 6 0 .0 0 0 5 0 .0 0 0 6 3 0 .1 1 6 2 0 .1 2 5 2
vo
vo
**  Open c h a n n e l
CHAPTER IV
TURBULENT DIFFUSION IN NONISOTROPIC PIPE PLOW
I t  I s  I m p o r ta n t  t o  know t h e  d i s t r i b u t i o n  o f  eddy 
d i f f u s i v i t y  o v e r  t h e  e n t i r e  p ip e  c r o s s  s e c t i o n  f o r  t h e  
s o l u t i o n  o f  p ro b lem s  d e a l i n g  w i th  m ix in g  i n  c h e m ic a l  
r e a c t o r s  an d  p i p e l i n e s .  The p r e c e d in g  two c h a p t e r s  d e a l t  
w i th  t h e  i s o t r o p i c  c e n t r a l  c o r e .  The m ain  p u rp o se  o f  
t h i s  c h a p t e r  i s  t o  exam ine th e  d i s t r i b u t i o n  o f  eddy d i f ­
f u s i v i t y ,  eddy  v i s c o s i t y  and  mean v e l o c i t y  o v e r  t h e  e n t i r e  
p ip e  c r o s s  s e c t i o n  i n c l u d i n g  th e  b o u n d a ry  l a y e r .
Von K arm an’ s u n i v e r s a l  v e l o c i t y  d i s t r i b u t i o n  i s  
exam ined  and  com pared  w i th  N u n n e r‘ s pow er law e q u a t io n  ( 6 1 ) .  
The eddy v i s c o s i t y  r e s u l t s  o b t a in e d  from  t h e  d i f f e r e n t i a t i o n  
o f  t h e s e  v e l o c i t y  e q u a t i o n s  a r e  d i s c u s s e d  and  compared 
w i th  l a t e r  e q u a t i o n s  p ro p o se d  by L in  e t  a l .  ( 5 2 ) ,  Wasan,
T ie n ,  and  W ilke  ( lO O ), and  T a y lo r  ( 8 8 ) .  I t  i s  shown t h a t  
some o f  t h e s e  e q u a t i o n s  gave s h a r p  d i s c o n t i n u i t i e s  a t  t h e  
edge o f  t h e  b o u n d a ry  l a y e r .  An e q u a t i o n  i s  p ro p o se d  f o r  
t h e  d i s t r i b u t i o n  o f  eddy d i f f u s i v i t y  o v e r  t h e  p ip e  c r o s s  
s e c t i o n .  I t  i s  b a s e d  on th e  a s s u m p t io n  t h a t  eddy d i f ­
f u s i v i t y  i s  a  f u n c t i o n  o f  a v e ra g e  c o re  d i f f u s i v i t y  an d  
d e g re e  o f  i s o t r o p y .  The e q u a t io n  i s  com pared w i th  S e a g r a v e 's  
p ip e  f lo w  d a t a  (7 5 )  and  some o f  t h e  p a r a l l e l  p l a t e  d a t a
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1 0 1
r e p o r t e d  by Page e t  a l .  ( 6 2 ) .
Review o f  P e r t i n e n t  E q u a t io n s
Mean V e l o c i t y  D i s t r i b u t i o n  
S e v e r a l  a u t h o r s  r e v ie w e d  I n  d e t a i l  t h e  o r i g i n  o f  
d i f f e r e n t  v e l o c i t y  c o r r e l a t i o n s  and com pared them w i t h  
e x p e r im e n ta l  v e l o c i t y  p r o f i l e  d a t a  ( 3 0 ,3 4 ,7 2 ) .  The
v e l o c i t y  c o r r e l a t i o n s  u se d  I n  t h e  f o l lo w in g  c h a p t e r  f o r
com pu ting  t h e  a x i a l  m ix in g  r e s u l t s  and  t h e  a v e r a g e  b i l k  
v e l o c i t y ,  V, a r e  g i v e n  I n  T a b le  X. N u n n e r 's  e q u a t io n  (6 l )  
I s  p e rh a p s  l e s s  known t h a n  t h e  l o g a r i t h m i c  v e l o c i t y  d i s t r i ­
b u t i o n .  He showed u s i n g  h i s  own d a t a  a lo n g  w i th  t h o s e  o f  
N lk u ra d s e  t h a t  n  I s  r e l a t e d  t o  A. by a  s im p le  r e l a t i o n s h i p
i  -  (4-8)
1
u .  Uo ( i -e )"  (4-9)
E a r l i e r  a u t h o r s  p ro p o s e d  d i f f e r e n t  v a lu e s  o f  n  f o r  v a r i o u s  
r a n g e s  o f  R eyno lds  num ber. F ig u r e  15 shows t h a t  t h e  
v e l o c i t y  d i s t r i b u t i o n  c a l c u l a t e d  a t  Re^ = 5 0 ,0 0 0  from  
N unner e q u a t i o n  a g r e e s  v e ry  w e l l  w i th  L a u f e r ’s r e s u l t s  
(46) up t o  0 = 0 .9 6 .  T h a t I s ,  N unner e q u a t i o n  I s  n o t  
s a t i s f a c t o r y  f o r  p r e d i c t i n g  v e l o c i t y  d i s t r i b u t i o n s  I n  th e  
b o u n d a ry  l a y e r  w here  t h e  d a t a  a r e  I n  b e t t e r  a g re em e n t  w i th  
E q u a t io n  (4 - 2 )  o f  t h e  u n i v e r s a l  l o g a r i t h m i c  law .
. O f te n  t h e  a x i a l  mean v e l o c i t y  I s  r e p o r t e d  o n ly
and  one h a s  t o  d e te r m in e  t h e  a v e ra g e  b u lk  v e l o c i t y .  The 




1 . Von Karm an ' s  U n iv e r s a l  L o g a r i th m ic  V e l o c i t y  d i s t r i b u t i o n ;
S u b la m in a r  l a y e r  ( 0 <  y ^ <  5) u"^ = y*^ (4 -1 )
B u f f e r  r e g i o n  (5<i. y '‘’< -30) u"*" = - 3 .0 5  +  5 I n  y^  ( 4 -2 )
T u r b u le n t  r e g i o n  (y*"> 30) u'*' = 5 . 5  +  2 .5  I n  y'*’ ( 4 - 3 )
w here :
= L  ( 4 - 4 )
y + = 2 l J ! * .  ( 4 - 5 )
P
2 . N u n n e r 's  V e l o c i t y  d i s t r i b u t i o n :
Uq = a x i a l  mean v e l o c i t y  
^  = Moody f r i c t i o n  f a c t o r  = 8 ^ - ^ ^
(4 - 6 )
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Fig. 16 RATIO OF BULK AVERAGE VELOCITY TO AXIAL 
VELOCITY AS A FUNCTION OF REYNOLDS NUMBER
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and  d e te rm in e  t h e  a v e r a g e  b u l k  v e l o c i t y  by  I n t e g r a t i n g  
N u n n e r 's  power law o v e r  t h e  e n t i r e  c r o s s  s e c t i o n ;
Yj = / i T d  ( 1 - 9 ) ^  d r  = 2n^ (4 -1 0 )
"o o ( 1 + n) ( 1 + 2n)
n = l/(X
F i g u r e  l 6 shows a  c o m p a r iso n  o f  t h i s  e q u a t i o n  w i th  I n t e ­
g r a t e d  p r o f i l e  d a t a  by S e n e c a l  (77)  and N lk u ra d s e  ( 6o ) ,  
and  a n  o b s e rv e d  m easurem ent by Jo n  Lee ( 4 8 ) .  The a g r e e ­
ment I s  s a t i s f a c t o r y  f o r  t u r b u l e n t  f lo w .
Eddy V i s c o s i t y
Eddy v i s c o s i t y  d i s t r i b u t i o n  e q u a t io n s  can  be 
o b t a i n e d  from  s h e a r  s t r e s s  an d  v e l o c i t y  g r a d i e n t . The 
s h e a r  s t r e s s  I s  assum ed t h e  p r o d u c t  o f  r a d i a l  p o s i t i o n  0 
and  s h e a r  s t r e s s  a t  t h e  w a l l ,  *1? .̂ E q u a t io n s  (4 -1 1 )  and  
( 4 -1 2 )  a r e  n o t  v a l i d  a t  t h e  p ip e  a x i s  s i n c e  t h e y  g iv e  a  
z e r o  eddy  v i s c o s i t y  a t  t h e  a x i s  w here I t  I s  known t o  be 
f i n i t e  (T a b le  XI ) j  b o th  d i s t r i b u t i o n s  a r e  com pared I n  
F i g u r e  1 7 .
I t  can  be s e e n  from  E q u a t io n s  (4 -1 2 )  and  (4 -1 3 )  
t h a t  a  s h a r p  d i s c o n t i n u i t y  e x i s t s  I n  t h e  eddy v i s c o s i t y  
c u r v e ,  s i n c e  £  a t  y"*" = 3 0 , c a l c u l a t e d  from  E q u a t io n  ( 4 - 1 2 ) ,  
I s  tw ic e  t h a t  c a l c u l a t e d  from  E q u a t io n  (4 -1 3 )  ( F i g u r e s  I 8 
an d  1 9 ) .  Such a  d i s c o n t i n u i t y  I s  n o t  known t o  e x i s t  and  
h a s  n o t  b e e n  o b s e rv e d  e x p e r i m e n t a l l y  w hich  r e f l e c t s  t h e  




Eddy V i s c o s i t y  
D i s t r i b u t i o n
---------------------------n T "
Ç = aVnQ ( 1 - Q ) ~ ^
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Ç -  X v  Q a ( l - 9 )  
20 U*
c = v^Xe a  (1-e) 
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C o r re s p o n d in g  V e l o c i t y  
D i s t r i b u t i o n
(4 -1 1 )
(4 -1 2 )
(4 -1 3 )
N unner
Von K a rm a n - tu rb u le n t
Von K a rm a n -b u f fe r
L i n ' s  t u r b u l e n t  v i s c o s i t y  e q u a t i o n s :
(4 -1 4 )
3
I t  -  0 .9 5 9
(4 -1 5 )
b u f f e r
s u b la m in a r
W asan 's  t u r b u l e n t  v i s c o s i t y  e q u a t io n :
= ( 4 .1 6  X 10 ' '* )  (y + 1^ -  (1 5 .1 5  x  lO '^ K y * ) '*
> ' 1 -  ( 4 .1 6  X 10 - 4 ) ( y + ) 3 +  ( 1 5 .1 5  X 10 ‘ ® )(y + ) 4
f o r  y*" ^  20 ( 4 - l 6 )
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Von K arm an 's  e q u a t io n  f o r  t h e  s u b la m in a r  assum es 
p u r e l y  l a m i n a r  f lo w  a t  t h e  w a l l ,  o r :
e = V 5.
L in  e t  a l .  (5 2 )  assum ed t h a t  t u r b u l e n t  f l u c t u a t i o n s  and  
t u r b u l e n t  v i s c o s i t i e s  e x i s t  up  t o  t h e  w a l l .  T h a t  I s ,  
t h e  c o n c e p t  o f  t h e  e x i s t e n c e  o f  a  p u r e  l a m in a r  l a y e r  I s  
d i s c o u n t e d .  The s h e a r  s t r e s s  I n  t h e  b u f f e r  and  s u b la m in a r  
l a y e r  ( 3 .L .  ) was assum ed c o n s t a n t  an d  e q u a l  t o  L i n ' s
e q u a t io n s  r e p r e s e n t  t h e  t u r b u l e n t  c o n t r i b u t i o n  t o  eddy 
v i s c o s i t y  (T a b le  X I ) .  A c co rd in g  t o  F i g u r e s  l 8  an d  1 9 ,  t h e  
p r e d i c t e d  t u r b u l e n t  v i s c o s i t i e s  a r e  t o o  low a s  e v id e n c e d  
by a  s h a r p  d i s c o n t i n u i t y  a t  t h e  ed g e  o f  t h e  b o u n d a ry  l a y e r .
W asan, T ie n  and  W ilke (lOO) a l s o  assum ed t h e  
e x i s t e n c e  o f  t u r b u l e n t  v i s c o s i t i e s  up  t o  t h e  w a l l}  t h e y  
p ro p o se d  a  s i n g l e  e q u a t i o n  f o r  t h e  b o u n d a ry  r e g i o n
,  I
(y  <  20) w h ich  seems t o  g i v e  a c o n t in u o u s  t r a n s i t i o n  t o  
t h e  t u r b u l e n t  c o re  ( F i g u r e s  l 8  an d  1 9 ) .
G . I .  T a y l o r  (88) d e s c r i b e d  t h e  v e l o c i t y  d i s t r i b u ­
t i o n  I n  t h e  b o u n d a ry  l a y e r  by a  s i n g l e  l o g a r i t h m i c  
e q u a t i o n .  The c o n s t a n t  I n  t h i s  e q u a t i o n  was d e te rm in e d  
from  N l k u r a d s e ' s  d a t a  and  so  c h o se n  t o  g i v e  a  c o n t in u o u s  
v e l o c i t y  d i s t r i b u t i o n  a t  0 = 0 . 9 .  H is  c h o ic e  o f  0 . 9  a s  
t h e  edge o f  t h e  b o u n d a ry  l a y e r  was a r b i t r a r y .
0 . 9  < © <  1 ,  = 1 .3 5  -  2 . 5  i n  ( l  -  ©) (4 -1 7 )
Assuming a  l i n e a r  s h e a r  s t r e s s  d i s t r i b u t i o n  I n  t h e  bound-
loa
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Ill
a r y  l a y e r ,  € c an  be e x p r e s s e d  a s  f o l l o w s .
€  = 0 . 4  a  0 U* (1 -  0 ) (4 -1 8 )
0 .9  <  e  <  1
T h is  e q u a t io n  g a v e  a l s o  a  sm ooth c o n t in u o u s  t r a n s i t i o n  o f  
from  t h e  b o u n d a ry  l a y e r  t o  t h e  t u r b u l e n t  r e g i o n .
P o in t  Eddy D i f f u s i v i t y  
The s t e a d y  s t a t e  eddy  d i f f u s i o n  o f  m a t e r i a l  
f rom  a  p o i n t  s o u r c e  i n t o  a  t u r b u l e n t  f i e l d  f lo w in g  i n  a  
c i r c u l a r  c o n d u i t  i s  d e s c r i b e d  by E q u a t io n  ( 2 - 1 ) .
0 (2- 1 )
F o r  t h e  t u r b u l e n t  c o r e ,  i s  d e te r m in e d  from  
t h e  c o n c e n t r a t i o n  p r o f i l e s  a c r o s s  t h e  c o r e .  The seco nd  
t e r m  i s  n e g l e c t e d  i n  t h e  t r e a t m e n t  o f  C h a p te r  I I  w here 
U and  OCg a r e  assum ed t o  be in d e p e n d e n t  o f  r .
F o r  t h e  s a k e  o f  c l a r i t y ,  t h e  d i f f e r e n t  eddy 
d i f f u s i v i t y  te rm s  r e f e r r e d  t o  h e r e  a r e  d e f i n e d  b e lo w : 
oCq i s  t h e  a v e r a g e  eddy  d i f f u s i v i t y  a c r o s s  t h e  
t u r b u l e n t  c o r e ;  i t  i s  assum ed  in d e p e n d e n t  o f  
r  and  h a s  b e e n  t r e a t e d  i n . C h a p t e r  I I .
OCp i s  t h e  r a d i a l  p o i n t ^  eddy  d i f f u s i v i t y  a s  
d e te r m in e d  when t h e  e f f e c t  o f  a x i a l  eddy 
d i f f u s i o n  i s  n o t  n e g l e c t e d ;  OC^ i s  a f u n c t i o n
^The te r ra  " p o i n t " i s  u s e d  t o  d i f f e r e n t i a t e  t h i s  
n o n i s o t r o p i c  p o s i t i o n a l  v a r i a b l e  from  a v e r a g e  c o re  eddy 
d i f f u s i v i t y .
1 1 2
o f  r  ( a ^  i s  Ep I n  S e a g r a v e ' s  n o t a t i o n s  
( 7 4 ) ) .
o i s  t h e  r a d i a l  p o i n t  eddy d i f f u s i v i t y  a s
d e te rm in e d  when th e  c o n v e c t iv e  meah v e l o c i t y  
e f f e c t  i s  t a k e n  i n t o  a c c o u n t  b u t  t h e  a x i a l  
eddy d i f f u s i o n  e f f e c t  i s  i g n o r e d ;  i t  i s  a l s o  
a  f u n c t i o n  o f  r  and w i l l  be r e f e r r e d  t o  h e r e  
s im p ly  a s  eddy d i f f u s i v i t y .
The s u b s c r i p t  t  i s  u se d  t o  i n d i c a t e  t h e  c o n t r i b u t i o n  o f  t h e  
t u r b u l e n t  e f f e c t  t o  eddy d i f f u s i v i t y ;  f o r  e x am p le ,
a  -  a .̂ + Dm (4 -1 9 )
i s  t h e  r a d i a l  p o i n t  t u r b u l e n t  d i f f u s i v i t y .  .  t h e  
m o le c u l a r  d i f f u s i o n  c o e f f i c i e n t .
I n  t h e  t u r b u l e n t  c o r e ,  i s  u s u a l l y  v e ry  s m a l l  
com pared t o  so  t h a t  and a r c  u s u a l l y  c o n s i d e r e d  
t h e  sam e. T h is  i s  n o t  t r u e  n e a r  t h e  w a l l  w here  t h e  m ole ­
c u l a r  c o n t r i b u t i o n  i s  n o t  n e g l i g i b l e .
E x p e r im e n ta l  d a t a  on a r e  q u i t e  a b u n d a n t  a s  
i n d i c a t e d  i n  C h a p te r  I I .  However, d a t a  on p o i n t  eddy 
d i f f u s i v i t y  ( a  o r  a ^ )  a r e  s c a r c e .  B ecau se  o f  o u r  l a c k  
o f  know ledge o f  a  and  a ^ ,  i t  i s  cu s to m ary  t o  assum e 
R eyno ld s  ana log y^  t h a t  i s  t u r b u l e n t  Schm id t and  P r a n d t l  
num bers e q u a l  t o  1 , and  u s e  eddy v i s c o s i t y  d a t a  t h a t  a r e  
much s i m p le r  t o  o b t a i n  (8 8 ,  9 1 ) .  More d a t a  w ould  be 
n eed ed  i n  o r d e r  t o  d e te r m in e  t h e  s i z e  o f  t h e  e r r o r s  i n t r o ­
duced  by t h i s  a s s u m p t io n .  I n  c a s e  o f  t h e  t u r b u l e n t  c o r e .
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G /g  and  a r e  known t o  d i f f e r  by a s  much a s  6 o  p e r  c e n t .
Page e t  a l .  ( 6 2 , 63  ) r e p o r t e d  p o i n t  eddy con­
d u c t i v i t y  d a t a  ( th e r m a l  eddy d i f f u s i v i t y )  f o r  a i r  f lo w  
be tw een  p a r a l l e l  p l a t e s . R o ley  and  F a h ie n  ( 6 7 ) r e p o r t e d  
m a t e r i a l  p o i n t  eddy d i f f u s i v i t y  f o r  a i r  f lo w  i n  a  p i p e .  
S i m i l a r  d a t a  w ere  r e p o r t e d  by Lynn e t  a l .  (5 4 )  f o r  
c o a x i a l  a i r - n a t u r a l  g a s  f lo w  ( t u r b u l e n t  f lo w  was n o t  f u l l y  
d e v e l o p e d ) .
S e a g ra v e  and  F a h ie n  (7 4 ,  7 5 ,  76) r e p o r t e d  some 
d a t a  on b o th  cx a n d d e t e r m i n e d  from  e x p e r i m e n t a l  s t e a d y  
s t a t e  and  t r a n s i e n t  s t a t e  p o i n t  c o n c e n t r a t i o n  m easurem ents  
and  u s i n g  one o f  t h e  mean v e l o c i t y  d i s t r i b u t i o n  c o r r e l a t i o n s .  
T h e i r  r e p o r t e d  ^ d a t a  w ere  f o r  w a te r  f lo w  a t  R eyno lds 
num bers b e tw ee n  3000  and  7 5 0 0 , and  d id  n o t  e x te n d  i n t o  th e  
b o u n d a ry  l a y e r .  The f o l lo w in g  r e s u l t s  w ere  g iv e n  by 
S e a g r a v e :
( a )  T u r b u le n t  Schm id t num ber, & , was found
o(
t o  a p p ro a c h  u n i t y  a t  th e  p ip e  a x i s  b u t  
i n c r e a s e d  r a p i d l y  w i th  9 .
(b) was fo u n d  t o  be  a p p r e c i a b l e  i n  th e
c o re  r e g i o n  and  t o  v a n i s h  n e a r  th e  w a l l .
( c )  N e g l e c t i n g  a x i a l  d i f f u s i o n  r e s u l t e d  i n  
eddy d i f f u s i v i t y  v a lu e s  t h a t  w ere  con­
s i d e r a b l y  lo w e r  th a n  e s p e c i a l l y  i n  
t h e  c o re  r e g i o n .
The f o l lo w in g  e q u a t i o n  was p ro p o se d  by  S e a g ra v e  to  
e x p r e s s  i n  te rm s  o f  0 an d  Re:
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f 0 .1 9 3  (1 -  0^)-*- 1 . 6  e j ( i - e ) 3  ( 4 - 2 0 )
S e a g r a v e ' s  d a t a  showed c o n s i d e r a b le  s c a t t e r  I n  
0(j, d e p e n d in g  on th e  c h o se n  v a lu e s  o f  th e  t r a n s f o r m a t i o n  
p a ra m e te r s  ( F ig u r e s  23 an d  2 2 ) .  The a c c u ra c y  o f  OC  ̂
r e s u l t s  i s  a l s o  l i m i t e d  by  t h e  a c c u ra c y  o f  n u m e r ic a l  
s o l u t i o n  t e c h n iq u e s  and  t h e  a c c u ra c y  o f  c o n c e n t r a t i o n  
and mean v e l o c i t y  d a t a .
A P ro p o sed  E q u a t io n  f o r  N o n i s o t r o p ic  
Eddy D i f f u s i v i t y  i n  t h e  
T u r b u le n t  R egion
The e q u a t i o n  p ro p o s e d  h e r e  i s  b a se d  on t h e  
p rem ise  t h a t  t h e  p o i n t  eddy d i f f u s i v i t y ,  CK, i s  a  f u n c t i o n  
o f  b o th  t h e  d e g re e  o f  i s o t r o p y ,  v * /u * ,  and eddy  d i f f u s i v i t y  
a t  th e  p ip e  a x i s . One o f  t h e  a s s u m p t io n s  made i n  p r e v i o u s  
c h a p t e r s  i s  t h a t  i s o t r o p y  r e i g n s  o v e r  th e  t u r b u l e n t  c o re
w hich  i m p l i e s  t h a t  v '  e q u a l s  u '  and  t h a t  OC i s  e q u a l  t o  OCc
a t  th e  p ip e  a x i s .  The a s s u m p t io n  i s  known t o  be s a t i s f a c t ­
o ry  a t  h ig h  R eyno lds  num bers w here a  f l a t  v e l o c i t y  p r o f i l e  
p r e v a i l s  o v e r  m ost o f  t h e  p ip e  c r o s s  s e c t i o n .  As R eyn o lds  
number becomes s m a l l e r ,  l a r g e r  d e v i a t i o n s  from  i s o t r o p y  
would be e x p e c te d .
I f  G = t h e  d e g re e  o f  i s o t r o p y  = ~
T hen , O C = 0(^f(G )
/ \ (4 -2 1 )
0  = f (e )
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The g e n e r a l i z e d  e x p e r im e n ta l  c o r r e l a t i o n  o f  eddy 
d i f f u s i v i t y  fo u n d  i n  C h a p te r  I I  r e p r e s e n t s  v e r y  w e l l :
= 0 .0 1 2  R e°*^^  (2 -1 4 )
V
D ata  on t h e  d e g re e  o f  i s o t r o p y ,  0 ,  w ere  o b t a i n e d  from  
a v a i l a b l e  i n t e n s i t y  d a t a  ( 1 3 , 4 6 ,  4 7 ,  7 0 ) and  a r e  p l o t t e d  
i n  F i g u r e  20 a t  d i f f e r e n t  R eyno lds  n u m b e rs . The d a t a  show 
no d e p en d en ce  o f  G on R eyno lds  num ber s i n c e  t h e  v a r i a t i o n s  
shown i n  F i g u r e  20 a r e  o f  t h e  same o r d e r  a s  e x p e r i m e n t a l  
e r r o r s  i n v o lv e d  i n  t a k i n g  su ch  d a t a .  W ith  t h e  e x c e p t i o n  
•of f lo w  a t  Reg = 5 0 0 0 0 0 , a l l  t h e  d a t a  f e l l  s h o r t  o f  p e r f e c t  
i s o t r o p y  a t  t h e  p ip e  a x i s .
I n  o r d e r  t o  d e te r m in e  t h e  f u n c t i o n a l  fo rm  o f  G 
a s  a  f u n c t i o n  o f  9 ,  L a u f e r ' s  d a t a  a t  Re^ = 50OOO w ere
f i t t e d  by t h e  l e a s t  s q u a r e  m ethod u s in g  t h e  d i f f e r e n t
f u n c t i o n s  l i s t e d  i n  T a b le  X. The com puted  c o r r e l a t i o n  
c o e f f i c i e n t  i n d i c a t e s  how w e l l  d o e s  any  o f  t h e  l i s t e d  
f u n c t i o n s  f i t  t h e  i s o t r o p y  d a t a .  The b e s t  f i t  was o b t a i n ­
ed  w i th  a  p o ly n o m ia l j  a  f o u r t h  d e g re e  p o ly n o m ia l  gave  a 
b e t t e r  f i t  t h a n  a  t h i r d  d e g re e  p o ly n o m ia l .
T h re e  a i r  f lo w  d a t a  sa m p le s  w ere  f i t t e d  t o  a 
f o u r t h  d e g re e  p o ly n o m ia l  by t h e  l e a s t  s q u a r e  m ethod ; t h e  
r e s u l t i n g  c o r r e l a t i o n s  a n d  c o r r e l a t i o n  c o e f f i c i e n t s  a r e  
g iv e n  be lo w :
D a ta  S a m p le : L a u f e r  , Reg = 50000
G .  0 .9 5 0  -  0 . 1 0 8  9 -  4 . 3 9 4  9^+1 0 .5 9 8  9 3 -
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TABLE XII
TEST FOR FUNCTIONAL FORM OF ISOTROPY DATA 
D a ta  Sam ple : L a u f e r  Re^ = 50000
F u n c t i o n a l  Form C o r r e l a t i o n  C o e f f i c i e n t
y = a +  bx 0 .9 0 9
y = a-v bx  +  cx2 0 .9 3 5
y = axb 0 .4 0 5
y = ax 0 .3 9 9
b +  X
y s aeb% 0 .8 5 1
y  = ax^* 0 .4 4 8  ,
y  = a (xeb% )* 0 .7 7 9
y « a e b x  +  ox^ 0 .8 8 7
by = a + - 0 .5 5 9
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c o r r e l a t i o n  c o e f f i c i e n t  = 0 .9 9 5  
T h i r d  d e g re e  p o ly n o m ia l ,  G = 0 .9 7 2  -  1 .7 4 1  0 
4- 4 .1 9 1  0 ^ -  3 .1 7 8  e3  (4 -2 3 )
D a ta  S a m p le ; S a n d b o m  -  Rec = 50000
G = 0 .8 4 4  +  0 .5 7 5  0 -  5 .4 0 7  0^+  1 0 .1 7 8  0 ^ -
5 . 9 4 0  0^  (4 -2 4 )
c o r r e l a t i o n  c o e f f i c i e n t  = 0 .9 9 1  
D a ta  S a m p le ; L a u f e r  -  Rec = 500000
G r  0 .9 8 7  -  0 .5 4 8  0 -  1 .9 6 9  0 2 + 5 . 3 5 3  0 3 -
3 .5 0 3  (4 -2 5 )
c o r r e l a t i o n  c o e f f i c i e n t  = 1 .0  
The above  c o r r e l a t i o n s  do n o t  p r o v id e  a  u n iq u e  
e q u a t io n  e x p r e s s i n g  G a s  a  f u n c t i o n  o f  0 .  The a c c u ra c y  
o r  r e l i a b i l i t y  o f  t h e s e  c o r r e l a t i o n s  can  n o t  be  any  b e t t e r  
t h a n  t h e  a c c u ra c y  o r  r e l i a b i l i t y  o f  t h e  i n t e n s i t y  d a t a .
I t  i s  a p p a r e n t ,  h o w e v e r ,  t h a t  a  p o ly n o m ia l - t y p e  e q u a t io n  
g i v e s  a  v e r y  good f i t  o f  a l l  d a t a  s a m p le s .  T h is  l e a d s  us 
t o  s u s p e c t  t h a t  a  pow er law  d i s t r i b u t i o n  i s  a  good r e p r e ­
s e n t a t i o n  o f  f  ( G) ,  an d  .
I n  t h e  a b s e n c e  o f  s u f f i c i e n t  e x p e r i m e n t a l  d a t a
on o r  f  (G) may be assum ed a  power e q u a t i o n  whose
e x p o n en t  can  be e x p r e s s e d  i n  te rm s  o f  t h e  f r i c t i o n  f a c t o r ,
X , i n  t h e  same way a s  t h e  eddy  v i s c o s i t y  e q u a t i o n  o b t a i n ­
ed  from  N unner pow er law ( E q u a t io n  4 - 1 1 ) .  T h e_ p ro p o sed  
e q u a t i o n ,  h o w e v e r ,  i s  more r e a l i s t i c  t h a n  (4 -1 1 )  b e c a u se  
i t  does  n o t  g iv e  a  z e r o  eddy  d i f f u s i v i t y  a t  t h e  p ip e  a x i s :
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n - l
OC = OCç (1 - ©) n (4-26)
n  = 1 / ^
n - l
^  = 0 .0 1 2  Re°^ (1 -  9) *  (4 -2 7 )
E q u a t io n  (4 -2 7 )  ( p l o t t e d  i n  F ig u r e  21) a ssum es 
t h a t  OC a t  0 = 0 i s  t h e  same a s  OC^ ( t h e  c o re  a v e r a g e ) .
I t  a l s o  p e r m i t s  OC co v a r y  w i t h i n  t h e  c o re  (0  <  0 . 3 ) .
One c o u ld  r e c o n c i l e  t h i s  w i th  t h e  a s s u m p t io n s  made i n  
C h a p te r  I I  by c o n s i d e r i n g  OĈ , e q u a l  t o  OC a t  0 = 0 . 2 .
I n  o t h e r  w o rd s ,  by  c o n s i d e r i n g  t h e  a v e r a g e  c o re  v a lu e  
e q u a l  t o  oc a t  0 = 0 .2  i n s t e a d  o f  a t  0 = o .  T h is  p r o ­
d u c e s  t h e s e  e q u a t i o n s
~  = 0 .0 1 2  R e ° '° 2  ( 1 .2  -  0) n  (4 -2 8 )
and
~  /  f ( 0 )  a t  0 <  0 . 2
T h is  e q u a t i o n  seems t o  a g r e e  w i th  P a g e 's  p a r a l l e l  
p l a t e s  d a t a  o v e r  t h e  t u r b u l e n t  r e g i o n  ( F ig u r e  2 1 ) .  The 
a g re e m e n t  c e a s e s  t o  e x i s t  a t  h i g h e r  v a lu e s  o f  0 b e c a u s e  
E q u a t io n s  (4 -2 7 )  o r  (4 -2 8 )  do n o t  p r o v i d e  f o r  OC t o  go 
th ro u g h  a  maximum away from  t h e  p ip e  a x i s .  T h e re  i s  no 
r e a s o n ,  h o w e v e r ,  why t h e  eddy  d i f f u s i v i t y  d i s t r i b u t i o n  
s h o u ld  be  t h e  same i n  p ip e s  and  p a r a l l e l  p l a t e s  s i n c e  t h e y  
h av e  d i f f e r e n t  g e o m e t r i e s .  A lth o u g h  t h e  same f lo w  e q u a t i o n s  
a p p ly  t o  f lo w  i n  ro und  p i p e s  and  p a r a l l e l  p l a t e s  a t  t h e  
c e n t e r  a n d  t h e  w a l l ,  th e  d i s t r i b u t i o n s  o v e r  t h e  c r o s s
1 2 0
s e c t i o n  a r e  n o t  th e  same. I t  i s  known t h a t  Von K arm an*s 
u n i v e r s a l  v e l o c i t y  d i s t r i b u t i o n  f o r  p ip e  f lo w  do es  n o t  
a p p ly  t o  p a r a l l e l  p l a t e s .  I n c i d e n t a l l y ,  F ig u r e  21 shows 
t h a t  P a g e 's  d a t a  a b id e  by t h e  g e n e r a l i z e d  c o re  c o r r e l a t i o n  
o f  C h a p te r  I I ,  (E q u a t io n  2 - 1 4 ) .
The d i s t r i b u t i o n s  o f  r a d i a l  eddy d i f f u s i v i t i e s  
ex. and  and  t h e  t u r b u l e n t  v i s c o s i t y  a t  Re = 3000 t o  
5000 a r e  shown i n  F i g u r e s  22 an d  23 ; £ - t  v a lu e s  w ere  
com puted  u s in g  E q u a t io n  (4 -1 1 )  w h ich  does  n o t  a p p ly  n e a r  
t h e  p ip e  a x i s .  A lso  shown a r e  S e a g ra v e  0 1 ( 7 5 )  and  ( 74 ) 
d a t a .  E q u a t io n  (4-27) seems t o  be  i n  r e a s o n a b l y  good a g r e e ­
ment w i t h  S e a g r a v e ' s  d a t a  e s p e c i a l l y  a t  th e  h i g h e r  R eyno lds  
num ber ( 50OO) w hich  i s  s t i l l  n o t  h ig h  enough f o r  t h e  f u l l  
d e v e lo p m e n t  o f  t u r b u l e n t  f lo w .
S e a g r a v e ' s  E q u a t io n  (4 -2 0 )  i s  b a se d  on h i s  w a t e r  
f low  d a t a .  S in c e  CX. i s  a  f u n c t i o n  o f  Re ( E q u a t io n  2 - 1 4 ) ,  
E q u a t io n  (4 -2 0 )  was m o d i f i e d  h e r e  t o  a p p ly  t o  b o th  g a s  
and l i q u i d  f lo w  by d i v i d i n g  b o th  s i d e s  by >> f o r  w a t e r  and  
w r i t i n g  t h e  e q u a t io n  a s  f o l l o w s ,
^ r  = (Re -  2100) | 0 .0 1 7 9  ( l  -  0^) +  O . l 4 8 l  e l  
(1 -  e ) ^  (4 -2 9 )
As p o i n t e d  o u t  e a r l i e r ,  more e x p e r i m e n t a l  d a t a  a r e  n e ed e d  
t o  t e s t  t h e  a p p l i c a b i l i t y  o f  t h i s  e q u a t io n  t o  R eyn o lds  
num bers beyond  t h e  h i g h e s t  e x p e r i m e n t a l  v a lu e  o f  7500 .
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CHAPTER V
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DISTRIBUTION CORRELATIONS
Problem  Review 
One o b j e c t i v e  o f  t h e  work p r e s e n t e d  i n  t h i s  
c h a p t e r  was t o  d e te r m in e  t h e  r e l a t i v e  c o n t r i b u t i o n s  o f  
t h e  t u r b u l e n t  c o re  and  t h e  bo und ary  l a y e r  t o  a x i a l  m ix ing .
A n o th e r  o b j e c t i v e  was t o  compare a x i a l  m ix in g  
r e s u l t s  com puted u s i n g  t h e  v a r i o u s  v e l o c i t y  and  eddy  d i f ­
f u s i v i t y  d i s t r i b u t i o n s  d i s c u s s e d  i n  C h a p te r  IV . S in c e  
r e l i a b l e  s u b la m in a r  l a y e r  d i f f u s i v i t y  m easu rem en ts  a r e  
a lm o s t  im p o s s ib l e  t o  m ake, i t  was s o u g h t  t o  exam ine  t h e
n a t u r e  o f  b o u n d a ry  l a y e r  d i f f u s i o n  by means o f  t h e  sy n ­
t h e t i c  m ethod d e s c r i b e d  i n  t h i s  c h a p t e r .
A x ia l  m ix in g  i n  t u r b u l e n t  p ip e  f lo w  i s  c a u se d  
by a  c o n v e c t iv e  v e l o c i t y  d i s t r i b u t i o n  e f f e c t  m o d i f i e d  by 
t u r b u l e n t  d i f f u s i o n .  The t r a n s p o r t  o f  m a t e r i a l  from  a 
r a d i a l  e le m e n t  o f  a  d i s c  moving w i th  t h e  a v e r a g e  b u lk  
v e l o c i t y  i s  d e s c r i b e d  by t h e  f o l lo w in g  e q u a t i o n :
1 6 ( c 6 r  6C^  = (U-V) ÔC . ÔC (5 -1 )
r  5 ?  \  3 r  / 3ÔE+ 2%
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w here x  = a x i a l  d i s t a n c e  from  r e f e r e n c e  p la n e  moving 
w i th  v e l o c i t y  V.
t  = t im e
Mass t r a n s f e r  due t o  t h e  a x i a l  eddy d i f f u s i v i t y  
i s  assum ed n e g l i g i b l e  i n  t h i s  e q u a t i o n .  The a x i a l  m ix in g  
c o e f f i c i e n t ,  E , w hich  i s  a l s o  te rm e d  t h e  d i s p e r s i o n  c o e f f i ­
c i e n t ,  i s  an  e m p i r i c a l  c o e f f i c i e n t  d e f i n e d  by E q u a t io n  
(5- 2 ):
)Zf = -T ra ^  E ^  (5 -2 )
w here  C i s  t h e  mean c o n c e n t r a t i o n  a c r o s s  t h e  p ip e  
c r o s s  s e c t i o n  a t  x .
^  = The r a t e  o f  m a t e r i a l  t r a n s p o r t  i n  t h e  a x i a l  
d i r e c t i o n  a c r o s s  a  r e f e r e n c e  p la n e  moving 
w i th  v e l o c i t y  V.
a  = p ip e  r a d i u s .
0 . I .  T a y lo r  ( 8 8 ) su c c e e d e d  i n  r e l a t i n g  t h e  a x i a l  m ix ing
c o e f f i c i e n t ,  E , t o  s im p le  t u r b u l e n t  f lo w  p a r a m e t e r s :
E = 1 .7 8  V d/X " (5 -3 )
where  d = p ip e  d i a m e te r
A = Moody f r i c t i o n  f a c t o r
T a y lo r  a r r i v e d  a t  t h i s  e q u a t i o n  u s i n g  t h e  same 
n u m e r ic a l  i n t e g r a t i o n  t e c h n iq u e  u se d  i n  t h i s  c h a p t e r .  As 
p o i n t e d  o u t  l a t e r .  E q u a t io n  (5 -1 )  was s i m p l i f i e d  by assum ing
i p
~  in d e p e n d e n t  o f  x  an d  r .  By a ssu m in g  t h a t  t h e  t u r b u l e n t  
t r a n s f e r  o f  m ass ,  h e a t  and  momentum a r e  e x a c t l y  a n a lo g o u s  
(R ey n o ld s  a n a l o g y ) ,  he was a b l e  t o  e s t i m a t e  OC a t  d i f f e r e n t
v a lu e s  o f  Ü and  r  by d i f f e r e n t i a t i n g  Von K arm an 's u n i v e r s a l
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v e l o c i t y  d i s t r i b u t i o n .  F o r  t h e  b o u n d a ry  l a y e r ,  w h ich  
T a y l o r  a r b i t r a r i l y  to o k  a s  t h e  r e g i o n  0 . 9  < 0 <  1 ,  he 
c h o se  t h e  c o n s t a n t s  i n  t h e  v e l o c i t y  e q u a t i o n  so  t h a t  U 
was c o n t in u o u s  a t  0 = 0 . 9 :
= 1 .3 5  -  2 .5  I n  ( 1 - 0 )  0 . 9  <  e < 1 (5 - 4 )
u*
The v e l o c i t y  d i s t r i b u t i o n  u se d  o v e r  t h e  r e s t  o f  t h e  p ip e  
was o b t a i n e d  from  a mean c u rv e  th r o u g h  two d i f f e r e n t  s e t s  
o f  d a t a .  As T a y l o r  p o i n t e d  o u t ) E q u a t i o n  ( 5 - 4 )  i s  n o t  a  s a t ­
i s f a c t o r y  c o r r e l a t i o n  o f  v e l o c i t y  a s  0 — > 1 .
S J e n i t z e r  ( 8 l )  showed t h a t  m ost o f  t h e  a v a i l a b l e  
a x i a l  m ix in g  d a t a  d e v i a t e  m a rk e d ly  from  T a y l o r ' s  E q u a t io n  
( 5 - 3 ) ;  he a l s o  f i t t e d  t h e s e  d a t a  by  an  e m p i r i c a l  c o r r e l a t i o n .
T ic h a c e k ,  B arke]ew  and B aron  (91 )  u s e d  T a y l o r ' s  
n u m e r ic a l  i n t e g r a t i o n  m ethod  a ssu m in g  c o n s t a n t  They
a l s o  e s t i m a t e d  ex. from  v e l o c i t y  d i s t r i b u t i o n  d a t a  by 
a ssu m in g  R e y n o ld 's  a n a lo g y .  The m ain  d i f f e r e n c e  b e tw ee n  
t h e i r  m ethod an d  T a y l o r ' s  i s  t h a t  t h e y  c o r r e c t e d  f o r  v a r i ­
a t i o n s  i n  m o le c u la r  d i f f u s i v i t y :
i . e .  <X = ^  Dm
€. = €. t  +  ^  
w here  T  = -  P  P
^  f a ?
R ey n o ld s  a n a lo g y  s a y s  t h a t
w here  and  a r e  t h e  t u r b u l e n t  d i f f u s i v i t i e s
f o r  m a t e r i a l  and  momentum t r a n s f e r  r e s p e c ­
t i v e l y .
)) i s  t h e  k i n e m a t i c  v i s c o s i t y  
i s  t h e  m o le c u l a r  d i f f u s i v i t y  .
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They w ro te  i n  E q u a t io n  (5 - 1 )  a s :
o < =  e - V - » - D n i  ( 5 - 5 )
w h i le  T a y l o r  w ro te  i t  a s :
o< - £  (5-6)
The v e l o c i t y  d i s t r i b u t i o n  v a l u e s  u se d  i n  t h e i r  c o m p u ta t io n s  
w ere o b t a i n e d  by  sm o o th in g  and  a v e r a g in g  v e l o c i t y  p r o f i l e s  
t a k e n  by  s e v e r a l  i n v e s t i g a t o r s .
T ic h a c e k  e t  a l .  o b t a i n e d  two d i f f e r e n t  E c u rv e s  
c o r r e s p o n d in g  t o  S chm id t num bers o f  1 ( g a s e s )  and 100
( l i q u i d s ) . They a l s o  r e p o r t e d  t h a t  E i s  v e ry  s e n s i t i v e
t o  s l i g h t  c h an g es  i n  t h e  v e l o c i t y  p r o f i l e .  F o r  ex am p le ,  
two s e t s  o f  v e l o c i t y  p r o f i l e  d a t a  t a k e n  a t  same R eyn o lds  
number and  d i f f e r i n g  by l e s s  t h a n  3^ gave  a  50^ d i s a g r e e ­
ment i n  com puted  E .
One may J u s t  p o i n t  o u t  b r i e f l y  h e r e  t h a t  R ey no lds  
a n a lo g y  d o e s  n o t  a p p ly  t o  momentum t r a n s f e r .  S e v e r a l  
p a p e r s  i n  t h e  l i t e r a t u r e  r e p o r t e d  a s  much a s  60^ d i f f e r e n c e  
be tw een  momentum an d  m a t e r i a l  ( o r  t h e r m a l )  t u r b u l e n t  d i f ­
f u s i v i t i e s  ( 3 8 , 6 3 ,  7 3 j 92  . Over t h e  t u r b u l e n t  r e g i o n ,  
th e  c o r r e c t i o n  made by  T ic h a c e k  e t  a l .  f o r  m o le c u la r  d i f ­
f u s i v i t y  and  v i s c o s i t y  i s  b u t  a  v e r y  s m a l l  f r a c t i o n  o f  t h e  
e r r o r  i n t r o d u c e d  by t h e  R eyno lds  a n a lo g y  a s s u m p t io n .  As 
shown l a t e r  i n  t h e  D i s c u s s io n  o f  R e s u l t s ,  t h e  e f f e c t  o f  
d i f f e r e n c e s  i n  m o le c u l a r  p r o p e r t i e s  on a x i a l  m ix in g  c o u ld  
be p ro n o u n ce d  i n  t h e  b o u n d a ry  l a y e r .
The e x a c t  n a t u r e  o f  f lo w  a t  t h e  w a l l  i n  t h e  s o -
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c a l l e d  l a m in a r  s u b l a y e r  o r  s u b la m in a r  l a y e r  i s  n o t  c l e a r l y  
u n d e r s to o d .  The s u b la m in a r  t h i c k n e s s  i s  so  sm a ll  t h a t  i t  
i s  v e ry  d i f f i c u l t  t o  d e te rm in e  v e l o c i t y  d i s t r i b u t i o n ^ l e t  
a lo n e  d i f f u s i v i t y  i n  t h a t  r e g i o n .  The p r e s e n c e  o f  a  h o t  
w ire  o r  a  p i t o t  tu b e  d i s t u r b s  t h e  f lo w .  V a r io u s  i n v e s t i ­
g a t o r s  e n c o u n te r e d  many d i f f i c u l t i e s  and  made c o n f l i c t i n g  
s t a t e m e n t s  on t h e  l a m in a r  s u b l a y e r  and  some w ere  n o t  a b l e  
t o  come t o  a  d e f i n i t e  c o n c l u s i o n  r e g a r d i n g  t h e  e x i s t e n c e  o f  
a  l a m in a r  l a y e r .
E q u a t io n  (4 -1 )  i s  b a s e d  on t h e  a s s u m p t io n  o f  
l a m in a r  m o tio n  and  c o n s t a n t  m o le c u la r  v i s c o s i t y . :  
f o r  y + <  5 . u+ = y"*" (4 -1 )
Von Karman s u g g e s te d  t h a t  t h i s  e q u a t i o n  a p p l i e s  up t o  y +  = 5 .
D e i s s l e r  (20 ) and  L a u f e r  (46) o b t a i n e d  v e l o c i t y  d a t a  a d j a c e n t  
t o  th e  w a l l  o f  a  sm ooth p i p e .  T h e i r  d a t a  e x te n d e d  t o  y"^ a s
low a s  2 and  a g re e d  w i th  E q u a t io n  ( 4 - 1 ) .  T h e re  a r e  many
o t h e r s  who d e a l t  w i th  t h i s  p ro b lem  an d  t h i s  i s  by no means 
an e x h a u s t i v e  a c c o u n t .
R e is s  and  H a n r a t t y  (65) r e p o r t e d  t h e  p r e s e n c e  o f  
f l u c t u a t i o n s  a t  y"^< 0 . 5 .  Page  and  Town end  (23 ) o b se rv e d  
th e  m o tio n  o f  c o l l o i d a l  p a r t i c l e s  a t  a  d i s t a n c e  o f  0 .0 00 0 25  
i n c h e s  from  t h e  w a l l  u s i n g  an  u l t r a m i c r o s c o p e .  They 
found  t h a t  t h e  m o tio n  was s i n u o u s ;  t h a t  i s ,  no p a r t i c l e s  
moved i n  a  s t r a i g h t  p a t h .  L in  e t  a l .  ( 52) p ro p o se d  a  t u r ­
b u l e n t  v i s c o s i t y  e q u a t io n  f o r  t h e  s u b la m in a r  l a y e r .  Knudsen 
and  K atz  ( 43) s a i d  t h a t  a l l  i n v e s t i g a t i o n s  n e a r  s o l i d
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b o u n d a r i e s  i n v o lv e d  t h e  m easurem ent o f  tem p o ra l-m ea n  v e l o c ­
i t i e s .  I t  i s  l i k e l y  t h a t  t h e  l a m in a r  s u b l a y e r  h a s  i t s  m ost 
p ro b a b le  t h i c k n e s s  a t  y ‘**in t h e  v i c i n i t y  o f  5 . 0 , an d  i t  i s  
r e a s o n a b le  t o  e x p e c t  t h a t  t h e  t h i c k n e s s ,  i n  some i n s t a n c e s ,  
would be  n e a r l y  z e r o  o r  r e l a t i v e l y  l a r g e  ( y +  up t o  1 0 . O). 
V e l o c i t y  s p e c t r a  m easu red  a t  t h e  w a l l  seemed t o  s u p p o r t  
t h i s  v iew . The s p e c t ru m  was i n t e r m i t t e n t l y  l a m in a r  and  
t u r b u l e n t .  I
In  summary, t h e  e v id e n c e  a v a i l a b l e  so  f a r  seems 
t o  i n d i c a t e  t h a t  a  p a r a b o l i c  v e l o c i t y  d i s t r i b u t i o n  i s  a  
s a t i s f a c t o r y  a p p r o x im a t io n ,  an d  t h a t  m o tio n  a t  t h e  w a l l  
c o u ld  be i r r e g u l a r  o r  t u r b u l e n t .  T h is  i n t e r e s t i n g  and 
c o n t r o v e r s i a l  q u e s t i o n  i s  d e a l t  w i th  i n  t h i s  c h a p t e r .
A n a ly s i s  o f  P roblem  
T h is  a n a l y s i s  u s e s  t h e  same n u m e r ic a l  i n t e g r a t i o n  
t e c h n iq u e  u se d  f i r s t  by  T a y l o r  and  l a t e r  by T ic h a c e k  e t  a l . ;  
d e  i s  a l s o  assum ed  h e r e  in d e p e n d e n t  o f  x  and  r .  I t  d i f f e r s
■ fx
from  p r e v io u s  w ork i n  t h e  f o l l o w i n g :
•  V a r io u s  v e l o c i t y  and  d i f f u s i v i t y  c o r r e l a t i o n s  a r e  
u se d  f o r  com p u tin g  U and  oC .
•  C o m p u ta t io n s  a r e  made w i t h  and  w i t h o u t  t h e  
R eyno lds  a n a lo g y  a s s u m p t io n .
•  The in c r e m e n t  s i z e  i n  t h e  n u m e r ic a l  i n t e g r a t i o n  i s  
r e d u c e d  d r a s t i c a l l y  a s  t h e  w a l l  i s  a p p ro a c h e d .  T h is  was 
deemed n e c e s s a r y  f o r  o b t a i n i n g  r e l i a b l e  r e s u l t s  s i n c e  b o th  
U and  cx change r a p i d l y  n e a r  t h e  w a l l  w here  s t e e p  v e l o c i t y
1 3 0
g r a d i e n t s  p r e v a i l .  The s m a l l e s t  I n t e r v a l s  u s e d  i n  p r e v io u s  
work w ere 0 .0 2 5  i n  T ic h a c e k ' s  p a p e r  an d  0 .0 1  i n  T a y l o r ' s  
w ork ; i n  t h i s  d ev e lo p m en t  t h e  s i z e  o f  t h e  i n t e r v a l  was 
c u t  down t o  0 .0 0 1  n e a r  th e  w a l l .
# A m o le c u l a r  d i f f u s i v i t y  c o r r e c t i o n  was made -  
( T ic h a c e k  d i d  t h e  sam e) .
•  D i f f u s i o n  i n  t h e  s u b la m in a r  l a y e r  was assum ed m o le ­
c u l a r  a t  f i r s t ;  l a t e r  OC was t a k e n  a r b i t r a r i l y  a s  t h e  sum 
o f  m o le c u l a r  d i f f u s i v i t y  and k i n e m a t i c  v i s c o s i t y .  T h is  i s  
d e a l t  w i th  f u r t h e r  u n d e r  th e  D i s c u s s io n  o f  R e s u l t s .
I n  t h i s  a n a l y s i s  th e  t r a n s p o r t  o f  m a t e r i a l  from  
a  r a d i a l  e le m e n t  o f  a  d i s c  m oving w i t h  t h e  a v e r a g e  b u lk  
v e l o c i t y  V i s  d e s c r i b e d  by E q u a t io n  (5 -1 )
H  + I f  ( 5 - 1 )
The e m p i r i c a l  a x i a l  m ix in g  c o e f f i c i e n t ,  E , i s  d e f i n e d  by 
E q u a t io n  ( 5 - 2 )
fi = -7 7 a ^  E ( 5 -2 )
w here  ^  i s  t h e  r a t e  o f  a x i a l  m a t e r i a l  f l u x  a c r o s s  t h e  
m oving r e f e r e n c e  p la n e
a = p ip e  r a d i u s
C = t h e  a v e r a g e  c o n c e n t r a t i o n  o v e r  p ip e  c r o s s  
s e c t i o n  a t  p o i n t  x .
E q u a t io n  ( 5 - 1 )  i s  s i m p l i f i e d  m a rk e d ly  i f  ^  i s  assum ed
in d e p e n d e n t  o f  x  an d  r ,  and  e q u a l  t o  t h e n :
I f "
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One can  t h e n  i n t e g r a t e  t h i s  e q u a t i o n  r e p e a t e d l y  from  th e
a x i s  t o  o b t a i n :  
dc Y ' ^ ^ d r *  r "  (U-V) d r "  (5 -8 )
o o
The a x i a l  f l u x  i s  
»a
0   ̂ 21T  J "  (C-CgJ (U-V) r  d r  = -TTa^ E (5 -9 )
o
E i s  t h e n  w r i t t e n  i n  t h i s  fo rm :
E = - 2*2  X  (U-V) 0 de de’ (U-V) e" de"
0 0 ^ 0
(5 -1 0 )
where a  = p ip e  r a d i u s
e = d im e n s io n l e s s  r a d i a l  p o s i t i o n  = r / a  
= c o n c e n t r a t i o n  a t  a x i s  
OC = r a d i a l  p o i n t  eddy d i f f u s i v i t y  
V = a v e r a g e  b u lk  v e l o c i t y
The a x i a l  m ix in g  c o e f f i c i e n t ,  E , can  be e v a l u a t e d  
from  E q u a t io n  (5 -1 0 )  i f  U and  OC a r e  known a s  f u n c t i o n s  o f  0 .
The f i r s t  i n t e g r a t i o n  i n  E q u a t io n  (5 -1 0 )  was p e r ­
form ed a n a l y t i c a l l y ,
Yl = 0^  (U-V) 0 " d e"  (5 -1 1 )
D i f f e r e n t  a n a l y t i c a l  e x p r e s s io n s  o f  w ere o b t a i n e d  f o r  
t h e  d i f f e r e n t  v e l o c i t y  c o r r e l a t i o n s .  The p rob lem  was p r o ­
grammed f o r  t h e  F o r t r a n  IBM 7070 co m p u te r .  S im pson r u l e  
was u se d  f o r  t h e  n u m e r ic a l  e v a l u a t i o n  o f  t h e  two i n t e g r a l s .
8 Y = ^  ( Y i +  4 Yg+ Y3 ) (5-12)
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A  6  I s  t h e  i n t e r v a l  be tw een  © v a lu e s  c o r r e s p o n d in g  t o  
and  Yg w hich  v a r i e d  a s  f o l lo w s  :
' 0 -c 0 <  0 .9 0  = 0 .0 5
O . 9 < 0 - <  0 .9 9  AG = 0 .0 0 5
o .9 9 < e  <  1 . 0  AG = 0 .0 0 1
B ecause  o f  t h e  s t e e p  g r a d i e n t s  n e a r  t h e  w a l l ,  t h e  
i n t e r v a l  was c u t  down a s  © a p p ro a c h e d  u n i t y  i n  o r d e r  t o  
m in im ize  n u m e r ic a l  i n t e g r a t i o n  e r r o r s .  The r e s u l t s  o b t a i n e d  
u s in g  t h e  above A  © v a lu e s  f o r  © > - 0 .9  w ere i n  v e r y  good 
ag reem en t w i th  t h o s e  o b t a i n e d  u s in g  i n t e r v a l s  t h a t  a r e  
tw ic e  a s  l a r g e .
The l a s t  i n t e g r a t i o n  i n  E q u a t io n  (5-10) was p e r ­
form ed th e  same way a s  t h e  se c o n d  i n t e g r a t i o n .
Z i  = (U-V) © SUMSY ( 5 -1 3 )
© = P
w here  SUMSY = SY (5 -1 4 )
© = 0
sz  s (z^ - t  4 Z g - t  z^) (5-15)
© s ©
SUMSZ = sz  (5-16)
© r 0
The a x i a l  m ix in g  c o e f f i c i e n t  i s  o b t a i n e d  f i n a l l y  a s
© a 1
E = -  2a^  ' S T '  SZ (5 -1 7 )
© .  0
A ll  com puted v a lu e s  o f  U, CK. ,  y \  SY, SUMSY, SZ, and  SUMSZ
w ere p r i n t e d  f o r  d i f f e r e n t  v a l u e s  o f  ©. A ls o ,  E and  E
Vd
w ere p r i n t e d  f o r  a l l  v a lu e s  o f  © l a r g e r  t h a n  0 . 9 9 .
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Summary o f  V e l o c i t y  and  Eddy 
D i f f u s i v i t y  D i s t r i b u t i o n s  
The e q u a t io n s  g iv e n  below  have  b e e n  d i s c u s s e d  I n  
C h a p te r  IV an d  w ere  u s e d  f o r  com pu ting  E.
( a )  Mean v e l o c i t y  d i s t r i b u t i o n :
Von Karman l o g a r i t h m i c  d i s t r i b u t i o n  law ,
S u b la m in a r  l a y e r  y'*‘<  5 u + =  y +  (4 -1 )
B u f f e r  r e g i o n  5 <  y  3C ,u"^=  5 i n  y ^ -  3 .0 5  (4 -2 )
T u r b u le n t  r e g i o n  y'*’> '3 0 >  u'*’ = 5*5 +  2 .5  I n  ( 4 - 3 )
w h e re :  y"'* = y* U* ( 4 - 5 )
( 4 - 4 )
N u n n e r ' s  power e q u a t i o n  f o r  th e  t u r b u l e n t  r e g i o n
U = ( 1 - 0 ) ' ^  ( 4 - 7 )
•o
(b )  Eddy d i f f u s i v i t y  d i s t r i b u t i o n :
E q u a t io n  p ro p o s e d  I n  C h a p te r  IV
n fio n - l
o< = 0 .0 1 2  Re^'*^ ( 1 - 0 )  n (4 -2 ? )
y
w here  n = l / f X
)( s  Moody f r i c t i o n  f a c t o r  
S e a g r a v e ' s  e q u a t i o n  (4 -2 9 )
= (R e-2100) 1 ^ 0 .0 1 7 9 ( 1 -9 ^ ) +  0 .1 4 8 1  o j  ( 1 - 0 )^
(c )  Eddy v i s c o s i t y  d i s t r i b u t i o n :
W henever eddy  v i s c o s i t y  e q u a t i o n s  a r e  u s e d .  I t  
I s  a ssum ed  t h a t  t h e  t u r b u l e n t  d i f f u s i v i t i e s  o f  m ass and
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momentum a r e  e q u a l .  
l » e . j  = 6  -
c*  = € -  ^  +D m
B ased  on Von K arm an ' s  v e l o c i t y  d i s t r i b u t i o n  f o r  
th e  t u r b u l e n t  r e g i o n ,  t h e  f o l lo w in g  e q u a t i o n  h a s  been  
o b t a i n e d :
€  = Q a ( 1 - e )  (4-12)
20 U*
A n o th e r  e x p r e s s i o n  h a s  b e en  d ed uced  from  N u n n e r 's  v e l o c i t y  
d i s t r i b u t i o n . n - l
__________ ( 1 - 9 j
4 (1+n)
w hich  can  be  a l s o  w r i t t e n  a s :
£  -  a  Vn 9 (1 -9 )  ^  (4 -1 1 )
( l+ 2 n )
2 ^
€  = V a  9 ( 1 -9 )  ^
8 Uo*
L i n ' s  t u r b u l e n t  v i s c o s i t y  e q u a t io n s  f o r  t h e  b o u n d a ry  
l a y e r  (52) w ere  a l s o  u se d  i n  some o f  t h e  c o m p u ta t io n s ;
0 <  y " ^ ^  5 (4 -1 5 )
_ i t  = y j " - 0 .959  , 5 < y ' * ' ^ 3 0  ( 4 - l 4 )
y  T
I n t e r p r e t a t i o n  and  D i s c u s s io n  o f  R e s u l t s  
As p o i n t e d  o u t  a b o v e ,  t h e  te rm  SZ r e p r e s e n t s  t h e  
c o n t r i b u t i o n  o f  any  r a d i a l  e le m e n t  t o  a x i a l  m ix in g ;  SUMSZ 
i s  a c u m u la t iv e  a x i a l  m ix in g  t e r m ,  o r  SZ i n t e g r a t e d  o v e r  9 .
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Some o f  t h e  r e s u l t s  o f  t h e  c o m p u ta t io n s  a r e  p l o t t e d  i n  
F ig u r e s  31 t o  35 f o r  R eyno lds num bers from  3000 t o  6 0 ,0 0 0 ^  
and u s in g  t h e  v a r i o u s  c o m b in a t io n s  o f  v e l o c i t y  and  d i f ­
f u s i v i t y  e q u a t io n s  g iv e n  i n  T a b le  X I I I .  Some o f  t h e  e a r l i e r  
c o m p u ta t io n a l  r u n s  d i f f e r e d  from  t h o s e  o f  T a b le  X I I I  i n  
t h a t  :
CX= I>m y"*"< 5
The r e s u l t s  p l o t t e d  i n  F i g u r e s  24 and  25 w ere com­
p u te d  f o r  w a t e r  f lo w  a t  Re = 3770 u s in g  t h e  same c o n d i t i o n s  
a s  t h e  e x p e r im e n ta l  i n v e s t i g a t i o n  r e p o r t e d  i n  A ppendix B.
The m o le c u la r  d i f f u s i v i t y ,  D^, o f  KMnO|  ̂ i n t o  w a t e r  was 
t a k e n  a s  7 . 6  x  10“ ^ f t ^ / s e c . ,  and  V was t a k e n  a s  I .0 8  x  l o ” ^ .
The T u r b u le n t  R eg ion
A l l  t h e  r e s u l t s  show t h a t  SUMSZ i s  p o s i t i v e  o v e r  
most o f  t h e  t u r b u l e n t  r e g i o n .  T h is  c o u ld  be a l s o  deduced  
from  E q u a t io n  ( 5 -6 )  when U i s  g r e a t e r  t h a n  V. T h is  r e s u l t  
may l e a d  one i n t o  b e l i e v i n g  t h a t  t h e  t u r b u l e n t  r e g io n  
makes a  n e g a t i v e  c o n t r i b u t i o n  t o  o v e r a l l  a x i a l  m ix in g .
^ U n le ss  o t h e r w i s e  s t a t e d ,  t h e  f o l lo w in g  v a lu e s  
were u se d  i n  t h e  c o m p u ta t io n s :
P ipe  d i a m e t e r  = 1 in c h
^ w a t e r  = I .1 8  x  10“^ f t ^ / s e c .
Djjj f o r  w a t e r  f lo w  z 1 .2 6  x  10"® f t ^ / s e c .
^ a i r  = 1 .6 2  X 10"^  f t ^ / s e c
Dpj f o r  a i r  f lo w  = 1 .6 2  x  1 0"^  f t ^ / s e c .
TABLE XIII
DIFFUSIVITY AND VELOCITY EQUATIONS USED IN DIFFERENT PROGRAMS
Region Turbulent y+ > 30 Buffer 5 < /" < 30 Sublaminar y"*" < 5
Program Velocity Diffusivity Velocity Diffusivity Velocity Diffusivity
Number Equation .Equation Equation Equation Equation Equation
501 4-3 (Von Karman) 4-12 (Von Karman) 4-2 (Von Karman) 4-12 (Von Karman) u+ = y+ a = V +
502 4-3 (Von Karman) 4-27 (Proposed) 4-2 (Von Karman) 4-27 (Proposed) u+ = y+ a = V + %
503 4-3 (Von Karman) 4-29 (Seagrave) 4-2 (Von Karman) 4-29 (Seagrave) u+ = y+ a = V +  D m
506 4-7 (Nunner) 4-27 (Proposed) 4-2 (Von Karman) 4-27 (Proposed) u+ = y+ 0  = V + Dm
507 4-7 (Nunner) 4-29 (Seagrave) 4-2 (Von Karman) 4-29 (Seagrave) U+ = y+ “ = V + Dm
508 4-7 (Nunner) 4-11 (Nunner) 4-2 (Von Karman) 4-11 (Nunner) U+ = y+ “ = ' + Dm
110 4-7 (Nunner) 4-11 (Nunner) 4-2 (Von Karman) 4-14 (Lin) U+ = y+ 4 -1 5 (Lin)
111 4-7 (Nunner) 4-29 (Seagrave) 4-2 (Von Karman) 4-14 (Lin) V1+ = y+ 4 -1 5 (Lin)
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T h is  can  n o t  be  t r u e  s i n c e  i n  t h e  e x tre m e  c a s e  o f  p lu g  f lo w ,  
a x i a l  m ix in g  i s  p o s i t i v e  and  f i n i t e  b e c a u s e  o f  a x i a l  
and  r a d i a l  ed d y  d i f f u s i o n .  One h a s  t o  a t t r i b u t e  t h i s  r e s u l t  
t o  t h e  f a c t  t h a t  a x i a l  eddy d i f f u s i o n  i s  n o t  a c c o u n te d  f o r  
i n  t h e s e  c o m p u ta t io n s .  T h is  means t h a t  t h e  e f f e c t  o f  a x i a l  
eddy d i f f u s i o n  and  i t s  c o n t r i b u t i o n  t o  o v e r a l l  a x i a l  m ix ing  
i s  a t  l e a s t  e q u a l  t o  t h e  lo w e s t  (-SUMSZ) v a lu e  shown i n  
F i g u r e s  25 t o  29 . I t  a l s o  s u g g e s t s  t h a t  t h e  a x i a l  eddy  
d i f f u s i v i t y  e f f e c t  i s  l a r g e r  t h a n  T ic h a c e k  e t  a l .  e s t i m a t e d  
(9 1 ) .  R e c e n t  work i n d i c a t e s  t h a t  a x i a l  eddy  d i f f u s i v i t y  
i s  c o n s i d e r a b l y  l a r g e r  t h a n  r a d i a l  eddy  d i f f u s i v i t y  (7 6 ) .
The B oundary  L a y e r
I t  i s  c l e a r  from  t h e  p l o t t e d  r e s u l t s  t h a t  t h e  b o u n d a ry  
l a y e r  makes t h e  g r e a t e s t  c o n t r i b u t i o n  t o  a x i a l  m ix in g .  The 
v e ry  s h a r p  i n c r e a s e  i n  (-SUMSZ) n e a r  t h e  w a l l  s u g g e s t s  t h a t  
a x i a l  m ix in g  i s  c r i t i c a l l y  d e te rm in e d  by t h e  b o u n d a ry  l a y e r .  
T h is  can  be  e x p l a i n e d  by  th e  a p p e a ra n c e  o f  i n  t h e  denom­
i n a t o r  i n  E q u a t io n  ( 5 - 1 0 ) ;  a s  becom es v e r y  s m a l l ,  SZ 
becomes v e r y  l a r g e .
One may a rg u e  t h a t  t h e  v e r y  s h a r p  i n c r e a s e  i n  ( -SUMSZ) 
n e a r  t h e  w a l l  may be c a u se d  by t h e  a s s u m p t io n  o f  c o n s t a n t
ÔC . I n  o t h e r  w o rd s ,  i t  i s  c o n c e iv a b le  t h a t  a  v e r y  s h a r p  
Sx
d e c r e a s e  i n d C  n e a r  t h e  w a l l  c o u ld  o f f s e t  a  s h a r p  d e c r e a s e  
Sx
in O ( .  T h is  p o i n t  i s  exam ined  be low  w here  i t  i s  shown t h a t
f o r  s u f f i c i e n t l y  lo n g  p i p e s ,  v a r i a t i o n s  i n  àC w i t h  r a d i a l
5x
p o s i t i o n  a r e  n o t  r e s p o n s i b l e  f o r  t h e  com puted s t e e p  g r a d i e n t
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a t  th e  w a l l .
D i f f u s i o n  i n  t h e  s u b la m in a r  l a y e r  was assum ed m o le c u la r  
i n  some o f  t h e  e a r l i e r  c o m p u ta t io n a l  r u n s .  T h is  gave  e x ­
t r e m e ly  l a r g e  and  u n r e a l  v a l u e s  o f  E b e c a u se  i s  v e ry  s i r a l l j  
e s p e c i a l l y  f o r  l i q u i d s .  The r e s u l t s  o b t a i n e d  h e r e  r e f u t e  
t h e  a s s u m p t io n  o f  l a m i n a r  f lo w  a t  t h e  w a l l .  L in ,  M oulton  
and  Putnam (52) p o i n t e d  o u t  t h a t  t h e  c o n c e p t  o f  t h e  e x i s ­
t e n c e  o f  a  s u b la m in a r  l a y e r  f o r  m o le c u la r  d i f f u s i o n  may n o t  
be t r u e .  T h e re  a r e  e v id e n c e s  t h a t  t h e  f l u c t u a t i n g  v e l o c i t i e s  
do n o t  c e a s e  t o  e x i s t  b e f o r e  t h e  w a l l  and  t h a t  t h e  f lo w  i s  
i n t e r m i t t e n t l y  l a m i n a r  an d  t u r b u l e n t  a t  t h e  w a l l .
I n  s e r i e s  5 0 0 , t u r b u l e n t  v i s c o s i t y  i n  t h e  s u b la m in a r  
was a r b i t r a r i l y  assum ed t o  have  t h e  same m ag n itu d e  a s  t h e  
k in e m a t i c  v i s c o s i t y .  L in  e t  a l .  p ro p o s e d  two e q u a t io n s  
f o r  t h e  t u r b u l e n t  v i s c o s i t y  i n  t h e  b u f f e r  and  s u b la m in a r  
r e g i o n s  w hich  have  b e e n  d i s c u s s e d  b e f o r e .  T hese  e q u a t io n s  
w ere u se d  f o r  t h e  b o u n d a ry  l a y e r  i n  p rog ram s 110 and  111.
The com puted t u r b u l e n t  v i s c o s i t i e s  ( F ig u r e  l8 )  w ere  lo w e r  
th a n  V  th r o u g h o u t  t h e  s u b la m in a r  l a y e r  and  p a r t  o f  t h e  
b u f f e r  z o n e ,w h ic h  gav e  h i g h e r  c o n t r i b u t i o n s  t o  E a s  shown 
i n  F ig u r e  29.
D i f f u s i v i t y  an d  V e l o c i t y  C o r r e l a t i o n s
I t  i s  n o t  p o s s i b l e  t o  make any  c o n c l u s i v e  e v a l u a t i o n  
o f  t h e  v a r i o u s  d i f f u s i v i t y  and  v e l o c i t y  c o r r e l a t i o n s  u se d  
i n  t h e  c o m p u ta t io n s .  The a s s u m p t io n  t h a t = V  i n  t h e  
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t r a n s i t i o n  f lo w  (R eyn o ld s  num ber b e tw een  3000 and  8 0 0 0 ) .
At h i g h e r  Re, E .w as fo und  t o  go th r o u g h  a minimum w hich  
means t h a t  must ex ce ed  V . The p ro p o se d  eddy d l f  f u s l v l t y  
e q u a t i o n  ( E q u a t io n  4 -2 7 )  gave  r e s u l t s  t h a t  a r e  I n  good 
a g re e m e n t  w i th  th e  m ix in g  d a t a  r e p o r t e d  I n  A ppendix B 
(Re = 3 7 7 0 ) .
à cV a r i a t i o n  o f  w i th  R a d ia l  P o s i t i o n
T lc h a c e k  e t  a l .  ( 9 1 -^  u s e d  a  f i r s t  o r d e r  a p p r o x i ­
m a t io n  t o  e v a l u a t e  t h e  v a l i d i t y  o f  t h e  a s s u m p t io n  o f  
c o n s t a n t  ô  C . They c o n c lu d e d  t h a t  f o r  most a p p l i c a t i o n s
^  X
w here t h e  c o n ta m in a te d  l e n g t h  I s  o f  t h e  o r d e r  o f  50  t o  100 
p ip e  d i a m e t e r s ,  t h e  e r r o r  I n t r o d u c e d  I n  E due t o  t h i s  
a s s u m p t io n  I s  l e s s  t h a n  25 o r  l e s s  t h a n  th e  u s u a l  
s c a t t e r  o f  m ix in g  d a t a .  T h e i r  e r r o r  a n a l y s i s  may n o t  have  
p ic k e d  up t h e  e f f e c t  o f  th e  s t e e p  w a l l  g r a d i e n t s  r e p o r t e d  
h e r e ,  s i n c e  t h e i r  l a s t  I n t e r v a l  was 0 « 0 .9 7 5  -  1 . 0 .
V a r i a t i o n s  I n  6 C a r e  c a l c u l a t e d  h e r e  u s i n g
Ô X
T l c h a c e k ' s  m ethod and  th e  r e s u l t s  o b t a i n e d  h e r e .  The
o b j e c t  o f  t h i s  e x a m in a t io n  I s  t o  d e te r m in e  I f  v a r i a t i o n s
I n  d C c o u ld  a c c o u n t  f o r  t h e  phenom enal r a p i d  I n c r e a s e  
è x
I n  SUMSZ n e a r  t h e  w a l l .
By I n t e g r a t i n g  th e  x  p a r t i a l  d e r i v a t i v e  o f  E qua­
t i o n  ( 5 - 1 ) tw ic e  w i th  r e s p e c t  t o  r ,  we g e t :
4- +
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(5 -1 9 )
F o r  a f i r s t  o r d e r  a p p r o x im a t io n ,  assum e:
deô^C à \  à^o ÔO 
* b t bx “  b t bx * “  btb x ^  b x  
From t h e  d i f f u s i o n - t y p e  e q u a t io n :
A  ^  ^
bx bt “ bx 
ô^C
( • & )
A





5^  d r '  (ü -V ) r "  d r "  +
mr.  T
Ô x ^  o
w hich  c an  be  w r i t t e n  a s :















.2 E -®» -T -f  SOTISÏ + " y  - |^  as (5-24)
OX oxy -x-' o
S u c c e s s iv e  f lo w  i n  p ip e  l i n e s  i s  a  t y p i c a l  s t e p - f u n c t i o n  
im pu t w hich  s p r e a d s  i n t o  an  i n t e g r a t e d  G a u ss ia n  f u n c t i o n ;  
Cpj c a n  b e  e x p r e s s e d  i n  te rm s  o f  x  and t  ( 19 ) :
One c an  t h e r e f o r e  o b t a i n  th e  f i r s t ,  seco n d  and  t h i r d  x
d e r i v a t i v e s  :
5 = ^  "  2 ^  **'* ■ <5-26)
(5 -2 T )
d x
5  ■ S '  I ' - » !
6^0^ _ aPc_ 1 ÔC,
b x
l e t  X  -  t v  ( 5 - 2 9 )
and  T ^ .  r a t i o  ( 5 - 3 0 )
a l s o  w r i t i n g  x  > crx w here  cr i s  a d im e n s io n le s s  f a c t o r .
ÔCOn3 c o u ld  t h e n  e v a l u a t e  
ô X e  5 Ï from  E q u a t io n  ( 5 - 2 4 )
f o r  w a t e r  f lo w  a t  Re » 60000 u s in g  com puted SUMSY
r® a I
and e v a l u a t e d  J  ^  (P rogram  5 0 6 ) .  P ip e  d i a m e te r
i s  t a k e n  a s  one  i n c h ,  and E i s  r e a d  from  e s t im a t e d
sm ooth p ip e  d a t a  a s  O.156  f t ^ / s e c . ,  f o r  a  su dden  s w i tc h  from
one p u r e  l i q u i d  t o  a n o t h e r  »  1. The r e s u l t s  p l o t t e d  i n
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F i g u r e  30 show t h a t  c o u ld  v a r y  a p p r e c i a b l y  o v e r  th e
p ip e  c r o s s  s e c t i o n  a t  low l e n g t h - d i a m e t e r  r a t i o s  5 0 0 ) .
The 5 0 -1 0 0  d i a m e t e r s  m e n t io n e d  by T lc h a c e k  e t  a l .  i s
a p p a r e n t l y  t o o  low . F o r  v e ry  l a r g e  v a lu e s  (a ro u n d
50 0 0 ) ,  t h e  a s s u m p t io n  o f  c o n s t a n t  È 2  i s  q u i t e  good
d X
( F ig u r e  3 0 ) .
Summary o f  C o n c lu s io n s
1 .  The a x i a l  m ix in g  c o e f f i c i e n t ,  E , i s  c r i t i c a l l y  d e t e r ­
m ined by  t h e  b o u n d a ry  l a y e r  w h ich  makes t h e  g r e a t e s t  
and  m ost d e c i s i v e  c o n t r i b u t i o n .
2 .  D i f f u s i o n  i n  t h e  " s u b la m in a r "  l a y e r  i s  t u r b u l e n t  
r a t h e r  t h a n  m o le c u l a r .
3 . F o r  h ig h  R e y n o ld s  num bers ( > 1 0 0 0 0  t u r b u l e n t  
d i f f u s i v i t y  (OC^) i n  t h e  s u b l a m i n a r  i s  l a r g e r  t h a n  
t h e  k in e m a t i c  v i s c o s i t y  1;  .
4 .  The a x i a l  eddy  d i f f u s i v i t y  e f f e c t  on a x i a l  m ix in g  was 
fo u n d  t o  be  more t h a n  10^ i n  some c a s e s .  T h is  i s  
c o n s i d e r a b l y  h i g h e r  t h a n  e s t i m a t e s  g iv e n  i n  e a r l i e r  
work ( <  4 ^ ) .
5 .  The a s s u m p t io n  o f  c o n s t a n t  i s  s a t i s f a c t o r y  f o r  
v e ry  l a r g e  " c o n ta m in a te d ” l e n g t h  -  d i a m e te r  r a t i o s
( > 5 0 0 ) .
6 .  B ecau se  t h e  c o n t r i b u t i o n  o f  t h e  t u r b u l e n t  c o re  t o  a x i a l  
m ix in g  i s  n e g l i g i b l y  s m a l l  com pared  t o  t h a t  o f  th e  
b o u n d a ry  l a y e r ,  e r r o r s  due t o  t h e  R eyno lds  a n a lo g y  
a s s u m p t io n  c o u ld  n o t  be d e te r m in e d  u n t i l  a  r e l i a b l e
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b o u n d a ry  l a y e r  d i f f u s i v i t y  e q u a t io n  i s  a v a i l a b l e .
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CHAPTER VI '
CONCLUSIONS
The f o l lo w in g  c o n c l u s i o n s  r e s u l t e d  from  t h i s  s t u d y :
1 . T u r b u le n t  d i f f u s i o n  I n  th e  " I s o t r o p i c ” c o re  l a  
r e l a t e d  t o  t h e  d e f o r m a t io n  r a t e  t e n s o r ,  p ip e  d i a m e t e r ,  
and  t h e  k in e m a t i c  v i s c o s i t y .  T u r b u le n t  d i f f u s i o n  I s  
t h e r e f o r e  r e l a t e d  t o  E u l e r l a n  t u r b u l e n c e  q u a n t i t i e s  
m easu red  by h o t  w i r e  anem om etry  ( C h a p te r  I I I ) .
2 .  A " m ic ro s c o p ic  d e fo r m a t io n "  model I s  p o s t u ­
l a t e d  t o  d e s c r i b e  t h e  m echanism  o f  t u r b u l e n t  d i f f u s i o n .
I t  I s  p r e s e n t e d  h e r e  a s  a n  e x t e n s i o n  o f  P r a n d t l ' s  "M ixing 
L en g th  T h e o r y ."  L a rg e  e d d ie s  o r  lumps a r e  assum ed  t o  
de fo rm  and  s t r a i n  u n d e r  t h e  e f f e c t  o f  p e rm a n en t  and  
f l u c t u a t i n g  s t r e s s e s  u n t i l  t h e y  b r e a k  down i n t o  s m a l l e r  
and  s m a l l e r  e d d ie s  t h a t  d i s p e r s e .  L arge  e d d ie s  a r e  con­
s i d e r e d  a n i s o t r o p i c ,  e n lo n g a te d  i n  t h e  a x i a l  d i r e c t i o n  
and  t o  have  a  d i a m e t e r  p r o p o r t i o n a l  t o  p ip e  d i a m e te r .
The s m a l l e s t  e d d ie s  a r e  c o n s id e r e d  I s o t r o p i c  and  i n d e ­
p e n d en t  o f  p ip e  g e o m e try  a s  w ould  be e x p e c te d  from  th e  
T heo ry  o f  L o ca l  I s o t r o p y  (C h a p te r  I I I ) .
3 . An e x c e l l e n t  c o r r e l a t i o n  o f  c o re  eddy  d i f f u s i v i t y  
d a t a  was o b t a in e d  by p l o t t i n g  ~  a s  a f u n c t i o n  o f  R eyno lds
1 5 1
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num ber. A g e n e r a l i z e d  c o r r e l a t i o n  i s  g iv e n  t h a t  a p p l i e s  
t o  m ass o r  h e a t  t r a n s f e r  f o r  g a s  and  l i q u i d  f lo w  i n  p ip e s  
o r  b e tw ee n  p a r a l l e l  p l a t e s  a t  R eyno lds  num bers be tw een  
5000  and  684000 (C h a p te r  I I ) .
4 .  F o r  lo n g  d i f f u s i o n  t im e s  i n  f u l l y  d e v e lo p e d  
n o n d e c a y in g  t u r b u l e n t  p ip e  f lo w ,  t u r b u l e n t  d i f f u s i o n  was 
fo u n d  t o  be in d e p e n d e n t  o f  m o le c u l a r  d i f f u s i v i t y ;  t r e a t e d  
d a t a  w ere  f o r  g a s e o u s ,  a q u e o u s ,  and  l i q u i d  m e ta l  s y s te m s .  
Sc = 0 . 6 3 -2 3 4 1  (C h a p te r  I I ) .
5 . E m p i r i c a l  r e l a t i o n s h i p s  a r e  g i v e n  i n  t h i s  work 
f o r  t h e  L a g r a n g ia n  I n t e g r a l  s c a l e  ( o r  T a y l o r ' s  m ix in g  
l e n g t h ) ,  ed d y  v i s c o s i t y ,  t u r b u l e n t  S chm id t and  P r a n d t l  
num bers i n  t h e  " i s o t r o p i c "  c e n t r a l  c o r e .  The m a t e r i a l  
m ix in g  l e n g t h  was fo u n d  t o  be r o u g h ly  0 .0 7 7  t h e  p ip e  
d i a m e t e r  ( C h a p te r  I I ) .
6 .  An e q u a t i o n  i s  p ro p o s e d  f o r  t h e  c a l c u l a t i o n  o f  
n o n i s o t r o p i c  p o i n t  eddy  d i f f u s i v i t y  a c r o s s  t h e  e n t i r e  
p ip e  c r o s s  s e c t i o n .  I t  i s  b a s e d  on t h e  p re m is e  t h a t  th e  
p o s i t i o n a l  eddy  d i f f u s i v i t y  i s  a  f u n c t i o n  o f  c o re  eddy 
d i f f u s i v i t y  and  t h e  d e g re e  o f  i s o t r o p y  (C h a p te r  IV ) .
7 . The o v e r a l l  a x i a l  m ix in g  c o e f f i c i e n t  i n  p ip e  
f lo w  was fo u n d  t o  be c r i t i c a l l y  d e te r m in e d  by th e  boun dary  
l a y e r  w h ich  made t h e  g r e a t e s t  and  m ost d e c i s i v e  c o n t r i ­
b u t i o n . ,  The s y n t h e t i c  n u m e r ic a l  a n a l y s i s  u se d  h e re  showed 
t h a t  d i f f u s i o n  i n  t h e  " s u b la m in a r "  l a y e r  m ust be  t u r b u l e n t  
r a t h e r  t h a n  m o le c u l a r .  The r e l a t i v e  e f f e c t  o f  a x i a l  eddy
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d i f f u s i v i t y  on a x i a l  m ix ing  was found  t o  be more th a n  t e n  
p e r  c e n t  w h ich  I s  h i g h e r  t h a n  e a r l i e r  e s t i m a t e s  ( 4 ^ ) .  The 
a s s u m p t io n  o f  c o n s t a n t  ^  was fo u n d  a c c e p t a b l e  a t  l e n g t h -  
d i a m e t e r  r a t i o s  g r e a t e r  t h a n  f i v e  h u n d re d  (C h a p te r  V ).
8 .  The o v e r a l l  a x i a l  m ix in g  c o e f f i c i e n t  was d e t e r ­
m ined e x p e r i m e n t a l l y  f o r  t r a n s i t i o n a l  w a te r  f lo w  I n  a 
s t r a i g h t  tu b e  by t h e  p u l s e  r e s p o n s e  m ethod . The r e s u l t  
a g r e e d  w i th  e a r l i e r  d a t a  by F o w le r  and  Brown ( 2 6 ) ,  
(A p p e n d lx -B ) .
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&Q s p a c i n g  b e tw ee n  p a r a l l e l  p l a t e s  o r  w id th  o f
r e c t a n g u l a r  d u c t  
b a s c a l a r  c o n s t a n t  i n  E q u a t io n  ( 3 - 4 5 )
B n u m e r ic a l  f a c t o r  i n  E q u a t io n  ( 3 -3 3 )
C c o n c e n t r a t i o n  a t  a  p o i n t
0^ c o n c e n t r a t i o n  a t  p ip e  a x i s
0^ c o n c e n t r a t i o n  o f  t r a c e r  i n  a  p u l s e  s l u g
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D' r o o t  mean s q u a r e  t u r b u l e n t  d e f o r m a t io n
D mean s q u a r e  t u r b u l e n t  d e fo rm a t io nAjr
D ^ ( t )  t o t a l  i n s t a n t a n e o u s  d e fo r m a t io n
E a x i a l  m ix in g  c o e f f i c i e n t
F (n )  t h e  one  d im e n s io n a l  sp e c tru m  f u n c t i o n
G d e g re e  o f  i s o t r o p y  » ^
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H h e i g h t  o f  t r a c e r  p a r a b o l o id  w i t h i n  t h e  s l i t
I  i n t e n s i t y  o f  em erg in g  l i g h t  beam
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h e a t
L tu b e  l e n g t h
L ,  E u l e r i a n  s c a l e s  o f  t u r b u l e n c ey V
L ^ u ' e t c -
m d im e n s io n le s s  s l i t  t h i c k n e s s  = ^
n f r e q u e n c y  i n  t h e  e n e rg y  sp e c t ru m
I?  ̂ y<»_2
o
n~ r: J  F (n )  dn
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Ny e x p e c te d  number o f  z e r o  v v e l o c i t i e s  p e r  se c o n d
e x p e c te d  number o f  z e r o  u v e l o c i t i e s  p e r  se c o n d  
p f l u c t u a t i n g  p r e s s u r e  a t  a  p o i n t
Y
q d im e n s io n le s s  p u l s e  t h i c k n e s s  = ^Jj
Q f lo w  r a t e  o f  i n j e c t e d  p o i n t - s o u r c e  t r a c e r
r  r a d i a l  d i s t a n c e
R^u E u l e r i a n  c o r r e l a t i o n  c o e f f i c i e n t  f o r  u v e l o c i t i e s
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Ryy E u l e r i a n  c o r r e l a t i o n  c o e f f i c i e n t  f o r  v v e l o c i t i e s
a t  p o i n t s  sp a c e d  y a p a r t
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E u l e r i a n  c r o s s  c o r r e l a t i o n  c o e f f i c i e n t  be tw een  u 
and  V a t  a  p o i n t  
Rj  ̂ L a g ra n g ia n  c o r r e l a t i o n  c o e f f i c i e n t
s  d i s t a n c e  b e tw een  t h e  s o u r c e  and  a p o i n t  a t  a
r a d i a l  d i s t a n c e  r  from  th e  a x i s  ( s  ■ -Jc^ + x^  
t  t im e
t ^  t im e  e l a p s e d  from  t h e  i n t r o d u c t i o n  o f  a p u l s e
t o  t h e  f i r s t  a p p e a ra n c e  o f  i t s  r e s p o n s e  
t im e  l i m i t  i n  E q u a t io n  ( 3 - 1 )
/ oO Rjj d$
o
u f l u c t u a t i n g  v e l o c i t y  i n  t h e  x  d i r e c t i o n
u '  r o o t  mean s q u a r e  f l u c t u a t i n g  u v e l o c i t y
u"*" d im e n s io n l e s s  v e l o c i t y  p a ra m e te r  ■ ^
*
U ( t )  i n s t a n t a n e o u s  v e l o c i t y
U mean v e l o c i t y  i n  th e  x  d i r e c t i o n  a t  p o i n t  r
maximum mean v e l o c i t y  a t  t h e  p ip e  a x i s  
U* f r i c t i o n  v e l o c i t y  = \ f ^
V f l u c t u a t i n g  v e l o c i t y  i n  t h e  y d i r e c t i o n
Vj  ̂ f l u c t u a t i n g  L a g ra n g ia n  p a r t i c l e  v e l o c i t y  i n
t h e  y d i r e c t i o n
’ ' l  -
V a v e r a g e  b u lk  v e l o c i t y
w f l u c t u a t i n g  v e l o c i t y  i n  t h e  z d i r e c t i o n
X d i r e c t i o n  o f  m ain f low
5c «  tv f o r  a  s t e p  im put
X p u l s e  t h i c k n e s s
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y l a t e r a l  d i r e c t i o n
y ' d i s t a n c e  from  t h e  w a l l
y"*" d im e n s io n le s s  d i s t a n c e  p a r a m e te r  =
t h e  i n t e g r a l  o b t a i n e d  a f t e r  t h e  se co n d  s e q u e n t i a l  
i n t e g r a t i o n  i n  E q u a t io n  ( 5 -1 1 )
Y v a r i a n c e  o f  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  a t  any
p o i n t  X dow nstream  from  a  p o i n t  s o u r c e  
z z d i r e c t i o n  i n  a  c a r t e s i a n  c o o r d i n a t e  sy s te m
t h e  f i n a l  i n t e g r a l  o b t a in e d  a f t e r  t h r e e  
s e q u e n t i a l  i n t é g r â t io r .sy E q u a t io n  ( 5 - 1 3 )
D im e n s io n le s s  Numbers 
VdPe P e c l e t  number = ^
C £
( P r ) ^  t u r b u l e n t  P r a n d t l  number i n  t h e  c o r e  ■ ^
Re R eyno lds  number =
“ o "
c    %/Re„ a x i a l  R ey n o ld s  number °
u 'T L g
Reji  ̂ = m i c r o s c a l e  R eyno lds  number » ^  *
u
Sc m o le c u l a r  S ch m id t number =
® € e(S c )^  t u r b u l e n t  S ch m id t number i n  t h e  c o r e  ■ ^
G reek  L e t t e r s  
o  eddy d i f f u s i v i t y  a t  any p o i n t  r
Og a v e r a g e  eddy d i f f u s i v i t y  a c r o s s  t h e  c o re
a  r a d i a l  eddy d i f f u s i v i t y  com puted when t h e  te rm
à^Ca  ——  i s  n o t  ig n o r e d  
a x i a l  eddy d i f f u s i v i t y
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Oy eddy d i f f u s i v i t y  i n  t h e  y d i r e c t i o n
a. t u r b u l e n t  d i f f u s i v i t y  » a  -  DV m
Y  amount o f  t r a c e r  in t r o d u c e d  i n  t h e  s l u g  «
C, X A
Ô s l i t  t h i c k n e s s
€  eddy v i s c o s i t y
a v e ra g e  eddy v i s c o s i t y  a c r o s s  t h e  c o r e  
t u r b u l e n t  d i f f u s i v i t y  f o r  momentum t r a n s f e r  =
€  - i ;
^  l e n g t h  ( o r  p o s i t i o n )  -  d i a m e te r  r a t i o ,  =
x / d
0 r e l a t i v e  d i s t a n c e  v a r i a b l e  = r / a
A Moody f r i c t i o n  f a c t o r
X f  L o n g i t u d i n a l  m i c r o s c a l e  o f  t u r b u l e n c e
Xg T a y l o r ' s  m i c r o s c a l e  o f  t u r b u le n c e
G, t im e  v a r i a b l e
gj l o c a l  r a t e  o f  e n e rg y  d i s s i p a t i o n  p e r  u n i t
m ass p e r  u n i t  t im e  
dynamic v i s c o s i t y  
■p k in e m a t i c  v i s c o s i t y
p d e n s i t y
cr a n u m e r ic a l  f a c t o r  i n d i c a t i n g  r e l a t i v e  p o s i t i o n
fro m  t h e  m ean, x  »  crx
'Çyjj. s h e a r  s t r e s s  i n  t h e  x  d i r e c t i o n  on a f l u i d
s u r f a c e  o f  c o n s t a n t  y
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a x i a l  s h e a r  s t r e s s  a t  t h e  w a l l
0  r a t e  o f  m a t e r i a l  t r a n s p o r t  i n  t h e  a x i a l
d i r e c t i o n  a c r o s s  a  r e f e r e n c e  p l a n e  moving
w i th  v e l o c i t y  V
v o r t i c i t y
tw.j L a g ra n g ia n  s p r e a d i n g  c o e f f i c i e n t
E u l e r i a n  s p r e a d i n g  c o e f f i c i e n t
A ra b ic  L e t t e r s  
volum e o f  t e s t  s e c t i o n  o f  t h e  tu b e  = LA
S u b s c r i p t s
t  i n d i c a t e s  t h e  c o n t r i b u t i o n  o f  t h e  t u r b u l e n t
e f f e c t
m i n d i c a t e s  t h e  c o n t r i b u t i o n  o f  t h e  m o le c u la r
e f f e c t
APPENDIX A
DETERMINATION OP TURBULENT DEFORMATION 
FROM TURBULENCE MEASUREMENTS
The mean s q u a r e  d e fo rm a t io n  o r  t h e  d i s s i p a t i o n  
?
te rm s  , e t c .  can  be  d e te rm in e d  from  any o f  t h e s e  f o u r
d i f f e r e n t  ty p e s  o f  e x p e r im e n ta l  t u r b u le n c e  d a t a :
( a )  The m ic r o s c a l e  o f  t u r b u l e n c e  ( c o r r e l a t i o n  c o e f f i c i e n t  
d a t a ) .
(b )  By e l e c t r o n i c a l l y  d i f f e r e n t i a t i n g  a h o t  w i r e  v e l o c i t y  
s i g n a l .
( c )  The en e rg y  s p e c t ru m .
(d )  The f r e q u e n c y  o f  o c c u r r e n c e  o f  z e ro  v e l o c i t i e s  p e r  
se co n d  a s  d e te rm in e d  by z e ro  c o u n ts .
The m i c r o s c a l e  o f  t u r b u l e n c e  w hich  i s  a l s o  c a l l e d  
t h e  d i s s i p a t i o n  l e n g t h  h a s  been  d e f i n e d  by E q u a t io n s  ( 3 - 6 ) ,  
( 3 - 7 )  and ( 3 - 1 6 ) .  The d e t e r m i n a t i o n  o f  t h e  m ic r o s c a l e  from  
t h e  c o r r e l a t i o n  c o e f f i c i e n t  r e q u i r e s  t h a t  tjhe sh a p e  o f  th e  
c o r r e l a t i o n  c u rv e  be  a c c u r a t e l y  known a t  i t s  v e r t e x .  
A c c u ra te  m easurem ent o f  R^^ becomes i n c r e a s i n g l y  d i f f i c u l t  
a s  i t s  v a lu e  a p p ro a c h e s  u n i t y .  B ecau se  o f  t h i s ,  t h i s  
m ethod i s  c o n s id e r e d  l e s s  p r e f e r a b l e  and l e s s  a c c u r a t e  th a n
o t h e r  a l t e r n a t i v e  m ethods f o r  d e te r m in in g  t u r b u l e n t  ^




&  -  ^  ( 3 - 1 7 )
—T— 2”
A n o th e r  m ethod  f o r  d e te r m in in g  i s  by e l e c t r o n ­
i c a l l y  d i f f e r e n t i a t i n g  a  h o t  w i r e  v e l o c i t y  s i g n a l ,  th u s  
d e te r m in in g  d i r e c t l y  ( $ 4 ) .  T a y l o r ' s  t r a n s f o r m a t i o n
f o r  homogeneous t u r b u l e n c e  may be  th e n  a p p l i e d
( A - l )
and
(A -2)
L in  (5 1 )  showed t h a t  t h i s  a s s u m p t io n  i s  v a l i d  i f  no mean 
v e l o c i t y  g r a d i e n t  e x i s t s  and i f  < < 1 .  B o th  c o n d i t i o n s  
a r e  w e l l  s a t i s f i e d  a c r o s s  t h e  t u r b u l e n t  c o r e .  T h is  d i r e c t  
m ethod  i s  c o n s id e r e d  one o f  t h e  m ost a c c u r a t e  and  r e l i a b l e .
The i n t e n s i t y  o f  d e f o r m a t io n  c o u ld  be  a l s o  d e t e r ­
m ined from  en e rg y  s p e c t ru m  d a t a .  The m ethod i s  co m p a rab le  
i n  i t s  a c c u r ^ y  t o  t h e  d i r e c t  v e l o c i t y  d i f f e r e n t i a t i o n  
m eth o d . By m aking u s e  o f  t h e  f a c t  t h a t  t h e  e n e rg y  sp e c t ru m  
and  t h e  c o r r e l a t i o n  c o e f f i c i e n t  a r e  r e l a t e d  by F o u r i e r  
t r a n s f o r m s ,  and  a l s o  by t a k i n g  i n t o  c o n s i d e r a t i o n  E q u a t io n  
( 5 - 1 6 ) w hich  r e l a t e s  t h e  m ic r o s c a l e  t o  t h e  se c o n d  d e r i v a t i v e  
o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t ,  t h e  f o l lo w in g  e q u a t i o n  was 
o b t a i n e d :
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V  = f  F (n )  dn (A-3)
> f i r  o
T h a t  I s ,  t h e  m i c r o s c a l e  i s  r e l a t e d  t o  t h e  i n t e g r a l  o f  t h e  
se co n d  moment o f  t h e  e n e rg y  sp e c t ru m  f u n c t i o n  w hich  i s  
n o rm a l ly  w r i t t e n  a s  n and c o u ld  be  d e te rm in e d  by g r a p h i c a l  
i n t e g r a t i o n .
From E q u a t io n s  (3 -1 7 )  and (A -3) i t  f o l lo w s  t h a t
/ > F ( a ) d n  : (A -4) -
> ^  o
I t  can  b e  a l s o  shown t h a t  t h e  i n t e n s i t y  o f  d e f o r ­
m a t io n ,  D ^ ,  i s  r e l a t e d  t o  t h e  f r e q u e n c y  o f  o c c u r r e n c e  o f
z e ro  v e l o c i t i e s  p e r  s e c o n d ,  N^, and t h e  i n t e n s i t y  o f  t u r b u -
11 *l e n c e ,  ^  . T h is  i s  a  v e ry  i n t e r e s t i n g  r e l a t i o n s h i p  
s i n c e  b o th  p a r a m e te r s  d e s c r i b e  t h e  v e l o c i t y  s p e c t ru m  and 
can  be o b t a i n e d  from  i t .  I t  b e a r s  r e s e m b la n c e  t o  t h e  
s i m p le r  c a s e  o f  a s i n u s o i d a l  wave t h a t  i s  c h a r a c t e r i z e d  
by i t s  f r e q u e n c y  and  a m p l i tu d e .  I n  a L a g ra n g ia n  s e n s e ,  
t h e  f r e q u e n c y  o f  o c c u r r e n c e  o f  z e ro  v e l o c i t i e s  i s  a n a l ­
ogous t o  t h e  number o f  t im e s  a p a r t i c l e  c h an g e s  d i r e c t i o n  
p e r  u n i t  t im e .  I t  was i n t u i t i v e l y  f e l t  e a r l y  i n  t h i s  
work t h a t  some s o r t  o f  r e l a t i o n s h i p  s h o u ld  e x i s t  b e tw een
t h e  t u r b u l e n t  d i f f u s i o n  c o e f f i c i e n t  and t h e  E u l e r i a n
u *p a r a m e te r s  and j j -  . The i n t e n s i t y  o f  d e f o r m a t io n  i s  
shown below  t o  be  a p p ro x im a te ly  a l i n e a r  f u n c t i o n  o f  t h e
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p r o d u c t  o f  t h e s e  two q u a n t i t i e s .
R ic e  (66 )  r e l a t e d  t h e  e x p e c te d  number o f  p a s s a g e s  
th ro u g h  z e r o  p e r  u n i t  t im e  to  t h e  e n e rg y  sp e c t ru m  f u n c t i o n  
o f  any l i n e a r  s t a t i o n a r y  random p r o c e s s  such  a s  e l e c t r i c a l  
n o i s e .  The c o n d i t i o n  o f  l i n e a r i t y  i s  an  a p p ro x im a t io n  i n  
c a s e  o f  t u r b u l e n c e  s i n c e  t h e  e q u a t io n s  o f  m o tio n  a r e  
n o n l i n e a r .  As a r e s u l t  o f  t h i s ,  t h e  d i s t r i b u t i o n  o f  ~OU
i s  i n  g e n e r a l  s l i g h t l y  skewed r a t h e r  th a n  t r u l y  G a u s s ia n .  
The e r r o r  i n t r o d u c e d  due t o  t h i s  a p p ro x im a t io n  was t e s t e d  
by Liepmann e t  a l .  (5 3 )  by com paring  t h e  m ic r o s c a l e  v a lu e s  
c a l c u l a t e d  from  a c t u a l  z e r o  c o u n ts  w i th  th o s e  o b t a in e d  
by v e l o c i t y  d i f f e r e n t i a t i o n  o r  from  t h e  en ergy  sp e c t ru m .
The a b s o l u t e  v a lu e s  o f  c a l c u l a t e d  from  z e ro  c o u n ts  
w ere  somewhat l a r g e r  t h a n  th o s e  o b t a i n e d  by o t h e r  m e th o d s .  
The d e v i a t i o n ,  h ow ever, d o e s  n o t  a p p e a r  t o  be  s i g n i f i c a n t .  
The f r e q u e n c y  o f  o c c u r r e n c e  o f  z e ro  v e l o c i t i e s  c o u ld  be 
e a s i l y  c o u n te d  o v e r  a  lo n g  p e r i o d  o f  t im e  from  an  o s c i l l o ­
sc o p e  s i g n a l  and  u se d  f o r  c a l c u l a t i n g  th e  i n t e n s i t y  o f  
d e fo r m a t io n .
R ice  showed t h a t :
J  F (n )  dn ^  (A -5)
Where N I s  t h e  e x p e c te d  number o f  o c c u r r e n c e s  o f  z e ro  u
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v e l o c i t i e s  p e r  s e c o n d .  E q u a t io n s  (A -3) and (A -4) show
t h a t  can  be  r e a d i l y  r e l a t e d  t o  and ( - |^ )^
I S x j    jjs— (A -4)
and s i n c e
Then
(if -  2 W  (3-10)
Ny = Nu (A -6)
Where I s  t h e  e x p e c te d  number o f  o c c u r r e n c e s  o f  z e r o  v 
v e l o c i t i e s  p e r  s e c o n d .
I t  c an  be e a s i l y  s e e n  from  E q u a t io n s  ( 3 - 5 8 ) ,  ( 3 - 9 ) ,  
(A -4 ) ,  (3 -6 8 )  and (A -6 ) t h a t :
®xy ■ (U“ ) “v
= 3 .8 4 6  ( ^ )  (A -7)
and
2
s.' -  ( 7 3 .9 5 )  V  ( ^ )  (A-8)
:
w here  %' I s  t h e  r a t e  o f  en e rg y  d i s s i p a t i o n  p e r  u n i t  mass 
p e r  u n i t  t im e .
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O th e r  e q u a t io n s  r e l a t i n g  and  o t h e r  i s o t r o p i c  t u r b u le n c e
p a r a m e te r s  a r e ;







U h e r e  i s  t h e  mean v e l o c i t y  f o r  t h e  p i p e  c o r e  w hich  i s
a p p ro x im a te ly  e q u a l  t o  t h e  maximum mean v e l o c i t y  U^.
APPENDIX B
EXPERIMENTAL DETERMINATION OF 
AXIAL MIXING IN TRANSITION PLOW
Problem  Review 
The sco p e  o f  t h i s  e x p e r i m e n t a l  i n v e s t i g a t i o n  i s  
l i m i t e d  t o  t h e  d e t e r m i n a t i o n  o f  t h e  a x i a l  m ix ing  c o e f ­
f i c i e n t  i n  c a s e  o f  t r a n s i t i o n a l  o r  low t u r b u l e n c e  f lo w  
i n  a  s t r a i g h t  sm ooth tu b e  a t  a  R e y n o ld s  number o f  3770 
and  a  h ig h  Moody f r i c t i o n  f a c t o r  ^  o f  0 .0 4 .
One o f  t h e  w ell-kn ow n  m ethods f o r  s t u d y in g  t r a n s ­
f e r  c h a r a c t e r i s t i c s  o f  packed  b e d s  a s  w e l l  a s  open p ip e s  
i s  t i a n s i e n t  r e s p o n s e  t o  a  p u l s e  f u n c t i o n .  The r e s p o n s e  
c u rv e  i s  a  r e c o r d i n g  o f  t h e  c o n c e n t r a t i o n  o f  th e  t r a c e r  
a t  t h e  end  o f  t h e  t e s t  s e c t i o n  a s  a f u n c t i o n  o f  t .  T h is  
C - t  c u rv e  r e p r e s e n t s  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  an d  
p r o v id e s  u s e f u l  i n f o r m a t i o n  t h a t  c an  be  i n t e r p r e t e d  i n  
te rm s  o f  m ix in g  o r  r e a c t o r  e f f i c i e n c y .  T h e o r e t i c a l l y ,  a  
u n ifo rm  s lu g  o f  t r a c e r  i s  assum ed t o  a p p e a r  i n s t a n t l y  i n  
t h e  moving s t r e a m  a t  th e  b e g in n in g  o f  t h e  t e s t  s e c t i o n .
The r a p i d  i n t r o d u c t i o n  o f  a  t r a c e r  s l u g  by means o f  p u l s e  
i n j e c t i o n  n o r m a l ly  r e s u l t s  i n  some f lo w  d i s t u r b a n c e s  due t o  
t h e  f a c t  t h a t  t h e  f lo w  i s  i n t e r r u p t e d  o r  b r o u g h t  t o  r e s t  
m o m e n ta r i ly  d u r i n g  th e  i n j e c t i o n .  F o l lo w in g  th e  i n j e c t i o n ,
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t h e  f l u i d  g o e s  th ro u g h  a p e r i o d  d u r i n g  w hich  b o th  t u r b u l ­
e n ce  and  v e l o c i t y  p r o f i l e  a r e  n o t  f u l l y  d e v e lo p e d .  The 
c o m p le te  dev e lo p m en t o f  a s t e a d y  f lo w  p a t t e r n  o c c u rs  a t  
some d i s t a n c e  from  th e  i n j e c t o r .  F o r  s h o r t  t u b e s ,  th e  
l e n g t h  o f  t h e  u n s te a d y  s e c t i o n  c o u ld  be  a p p r e c i a b l e  com­
p a re d  t o  t h e  t o t a l  l e n g t h  o f  th e  t e s t  s e c t i o n  w hich may 
i n t r o d u c e  s i z e a b l e  e r r o r s  i n  th e  r e s u l t s .  D is tu r b a n c e s  
due t o  t h e  i n j e c t i o n  e f f e c t  may n o t  be  n o t i c e a b l e  i n  c a se  
o f  p a ck e d  b ed s  s i n c e  th e  bed a c t s  a s  a  f i l t e r  t h a t  damps 
o u t  t h e s e  d i s t u r b a n c e s .  On th e  o t h e r  h a n d ,  s l i g h t  d i s ­
t u r b a n c e s  a r e  l i k e l y  t o  be r e a d i l y  t r a n s m i t t e d  th ro u g h  th e  
t e s t  s e c t i o n  o f  an  open p ip e .
I t  i s  r a t h e r  s u r p r i s i n g  t h a t  t h i s  i n j e c t i o n  e f f e c t  
h a s  b een  n e g l e c t e d  i n  t h e  p a s t  w hich  makes one w onder a b o u t  
t h e  a c c u r a c y  o f  t h e  e x p e r im e n ta l  d a t a  o b t a i n e d  from  open 
tu b e s  o f  low L /d  r a t i o s . Ebach (21 ) com m unicated  t o  t h e  
w r i t e r  t h a t  he  e n c o u n te r e d  c o n s i d e r a b l e  d i f f i c u l t i e s  i n  
packed  bed  i n v e s t i g a t i o n  due t o  t h e  n o n u n i f o r m i ty  o f  th e  
v e l o c i t y  p r o f i l e  a f t e r  i n j e c t i o n  and  t h e  l a c k  o f  u n i f o r m i t y  
o f  t h e  t r a c e r  w i t h i n  t h e  tu b e  c r o s s  s e c t i o n .  Some o f  t h e  
ru n s  i n  h i s  work gave  i r r e g u l a r  o r  wavy r e s p o n s e  t r a c e s  
t h a t  w ere d i s c a r d e d  and n o t  r e p o r t e d .
S e v e r a l  a u t h o r s  r e p o r t e d  a x i a l  m ix in g  d a ta  i n  
open p ip e  f lo w  ( l ,  1 2 , 2 6 , 3 7 , 42 , 5 0 , 8 l ,  8 2 , 8 7 ,  8 8 ) .
The o n ly  sm ooth p ip e  d a t a  a v a i l a b l e  on  a x i a l  m ix ing  i n  
t h e  u n s t a b l e  t r a n s i t i o n  f low  a t  l a r g e  v a l u e s  o f  X a r e  th o s e
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o f  F o w le r  a n d  Brown (26 ) w hich  w ere  r e p o r t e d  some tw e n ty  
y e a r s  ago i n  w h ich  s t a t i o n a r y  s t e p  f u n c t i o n  t e c h n iq u e  was 
a p p l i e d  by s w i t c h in g  t h e  f lo w  u s in g  a  th r e e - w a y  v a lv e .  
Sam ples w ere  c o l l e c t e d  from  t h e  end  o f  t h e  tu b e  i n  a  
s e r i e s  o f  b e a k e r s  c o n ta in e d  i n  a  m o to r  d r i v e n  m oving c a r t .  
A cco rd in g  t o  t h e  a u t h o r s ,  s p i l l a g e  i n  f lo w in g  i n t o  th e  
b e a k e r s  was t h e  m a jo r  s o u rc e  o f  e r r o r .  I t  i s  now known 
t h a t  a  t r u e  s t e p  f u n c t i o n  can  n o t  be p ro d u c e d  by t h i s  
t e c h n iq u e  s i n c e  t h e  s w i t c h in g  o f  s t r e a m s  t a k e s  p l a c e  i n  a  
f i n i t e  r a t h e r  t h a n  i n f i n i t e s i m a l  t im e .
The e x p e r im e n t  r e p o r t e d  h e r e  d i f f e r s  f ro m  F o w le r 's  
work i n  t h a t  a  p u l s e  f u n c t i o n  i n p u t  i s  u se d  r a t h e r  t h a n  a 
s t e p  f u n c t i o n .  The c o n c e n t r a t i o n  o f  t h e  t r a c e r  a t  t h e  end 
o f  t h e  t e s t  s e c t i o n  i s  d e te rm in e d  p h o t o m e t r i c a l l y ,  u s in g  a  
h i g h l y  s e n s i t i v e  d e t e c t i n g  d e v i c e ,  and  r e c o r d e d  on a 
r e c o r d e r  o f  a b o u t  10 m i l l i s e c o n d s  r e s o l u t i o n  t i m e .
A p p a ra tu s  and P ro c ed u re
The s e t - u p  c o n s i s t e d  o f  a  c o n s t a n t  h e a d  w a te r  
t a n k ,  a  0 .2 7 6  i n c h  I .D .  s t r a i g h t  p y re x  g l a s s  t u b e ,  a  p u l s e  
i n j e c t o r ,  a  d e v ic e  f o r  t h e  p h o to m e t r i c  d e t e r m i n a t i o n  o f  
t r a c e r  c o n c e n t r a t i o n ,  an d  a  r e c o r d e r .  A n e e d le  v a lv e  was 
u s e d  f o r  r e g u l a t i n g  t h e  f lo w  r a t e  f o l lo w e d  by a  100 d i a m e te r  
e n t r y  l e n g t h  f o r  t h e  f u l l  d ev e lo pm en t o f  t h e  f lo w  p a t t e r n ,  
and  t h e  p u l s e  i n j e c t o r  w h ich  was l o c a t e d  r i g h t  b e f o r e  th e  
t e s t  s e c t i o n .  The tu b e  p a s s e d ^ th r o u g h  t h e  p h o to m e te r  o r  
c o l o r i m e t e r  w h ich  was a t  t h e  o t h e r  end o f  t h e  t e s t  s e c t i o n .
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The b u i l d i n g ’ s t a p  w a t e r  was f e d  t o  t h e  c o n s t a n t  head  
f e e d  t a n k .
F i g u r e  31 d e p i c t s  t h e  p u l s e  i n j e c t i o n  d e v ic e  u sed  
f o r  o b t a i n i n g  t h e  d a t a  r e p o r t e d  h e r e .  The f lo w  tu b e  was 
a l i g n e d  and  s u p p o r t e d  by  l u c i t e  b lo c k s  A and B and  f i t t e d  
f l u s h  a g a i n s t  C. P a r t  C was a l s o  a l u c i t e  p a r a l l e l p i p e d  
w i th  two o n e - h a l f  i n c h  lo n g  c y l i n d r i c a l  c o n d u i t s  b o re d  i n  
i t  t h a t  w ere  o f  t h e  same d i a m e te r  a s  t h e  I .D .  o f  th e  f lo w  
t u b e .  A l l  B b lo c k s  w ere  f i x e d  t o  a heavy  s t e e l  f ra m e ;  
b lo c k s  A w ere  p r e s s e d  t i g h t  a g a i n s t  C by t h e  shown s p r i n g s .  
I n  o r d e r  t o  m in im iz e  m e c h a n ic a l  v i b r a t i o n s  c a u s e d  by t h e  
s t r o n g  im p a c t  o f  a  s t r o k e ,  t h e  s u p p o r t i n g  fram e  was f i r m l y  
b o l t e d  t o  a  h e av y  c o n c r e t e  f i l l e d  10 in c h  p ip e  p e d e s t a l  
w hich  i n  t u r n  was b o l t e d  t o  t h e  g ro u n d .
The p r o c e d u r e  fo l lo w e d  f o r  i n j e c t i n g  a  t r a c e r  s l u g  
was t o  c h a rg e  t h e  t r a c e r  cham ber w i th  KMnO^ s o l u t i o n  u s in g  
a  s y r i n g e .  A f t e r  p l u g g in g  th e  h o l e s  w i th  t h e  t h r e e  s c re w s ,  
t h e  p u l s e  was q u i c k l y  p l a c e d  i n  t h e  m ain  s t r e a m  i n  l e s s  
t h a n  200 m i l l i s e c o n d s  by p u l l i n g  t h e  l e v e r  L w h ich  f o r c e d  
p a r t  C downward t o  t h e  i n j e c t i o n  p o s i t i o n ,  t h u s  m aking th e  
t r a c e r  s l u g  p a r t  o f  t h e  f lo w  s t r e a m .
F i g u r e  32 shows a  p i s t o n - t y p e  p u l s e  i n j e c t o r  
t h a t  d i d  n o t  p e r fo rm  s a t i s f a c t o r i l y  due t o  m e c h a n ic a l  
p ro b lem s  and  was d i s c a r d e d .  The i n j e c t o r  was made o u t  o f  
s o l i d  alum inum  e x c e p t  f o r  t h e  p lu n g e r  w hich  was " T e f lo n "  
l i n e d  b r a s s .  The m ain  d i f f i c u l t y  was t h a t  m in u te  p a r t i c l e s
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o f  s o l i d  d e p o s i t s  o r  s e d im e n ts  from  t h e  w a te r  w ere  t r a p p e d  
i n  t h e  c l e a r a n c e  b e tw een  t h e  moving p l u n g e r  and  t h e  
s t a t i o n a r y  b o d y , t h u s  h i n d e r i n g  t h e  f r e e  m o tio n  o f  th e  
i n n e r  p l u n g e r  o r  p r e v e n t i n g  i t  from  c o m p le t in g  a  s t r o k e .  
A ls o ,  s l i g h t  s c r a t c h e s  d e v e lo p e d  i n  t h e  " T e f lo n "  l i n i n g  
c a u s in g  l e a k a g e  from  t h e  t r a c e r  cham ber.
A p h o to m e te r  o r  c o l o r i m e t e r  was c o n s t r u c t e d  f o r  
d e te r m in in g  t h e  c o n c e n t r a t i o n  o f  KMnO^ t r a c e r  i n  th e  f low  
a t . t h e  end  o f  t h e  t e s t  s e c t i o n .  The l i g h t  s o u rc e  was an  
85  w a t t s ,  G.E. -HS5-C3 m erc u ry  a r c  lamp t h a t  e m i t s  a  p r e ­
d o m in a n t ly  g r e e n  l i g h t  beam w hich  was p a s s e d  th ro u g h  a 
c o l l i m a t i n g  l e n s ,  an  I r i s  d ia p h ra g m , an  i n t e r f e r e n c e  
f i l t e r ,  and  a  7 x 3 .2  mms s l i t  f o l lo w e d  by t h e  f lo w  t u b e .  
P a r t  o f  t h e  l i g h t  was a b s o r b e d  by th e  KMnO^ s o l u t i o n ,  
a n o t h e r  s m a l l  p o r t i o n  was r e f l e c t e d  and  r e f r a c t e d  by th e  
g l a s s  tu b e  w a l l  and  t h e  r e s t  was t r a n s m i t t e d  t o  a c o n d en s­
in g  l e n s  w hich  fo c u s e d  t h e  o u tcom ing  beam on t h e  s u r f a c e  
o f  t h e  p h o t o m u l t i p l i e r  t u b e .  A g r e e n  g l a s s  f i l t e r  was 
fo u n d  t o  be i n a d e q u a te  i n  i t s  f i l t e r i n g  s e l e c t i v i t y  and  
was r e p l a c e d  by a  B ausch  and  Lomb i n t e r f e r e n c e  f i l t e r  o f  
a  527  m|-\maximum s p e c t ru m  l i n e  and  12 m ^ lh a l f  band  w id th .
I t s  ra n g e  a t  50  p e r  c e n t  o f  peak  t r a n s m i s s i o n  was 521-533  
m|.4, and  i t s  t r a n s m i s s i o n  f a c t o r  was 48 p e r  c e n t .  The 
i d e a  h e r e  i s  t o  g e t  maximum d e t e c t i o n  s e n s i t i v i t y  by f i l t e r ­
i n g  o u t  a l l  w av e len g th s  e x c e p t  f o r  a  n a rro w  b and  c o r r e s p o n d ­
in g  t o  t h e  maximum a b s o r p t i o n  ra n g e  o f  p o ta s s iu m  perm ang-
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a n a t e  s o l u t i o n .  S i z e a b l e  and m e a su ra b le  chan ges  I n  t r a n s ­
m i t t a n c e  c o u ld  t h e n  be o b ta in e d  from  s l i g h t  changes  I n  
t r a c e r  c o n c e n t r a t i o n .  D i l u t e  KMnO^ s o l u t i o n  h a s  a  maximum 
a b s o r p t i o n  a t  a  w a v e le n g th  o f  525 mp. w hich  I s  c l o s e  t o  th e  
527 mp. maximum t r a n s m i s s i o n  l i n e  o f  t h e  f i l t e r .  A lso ,  th e  
w id th  o f  t h e  band  t r a n s m i t t e d  by t h e  I n t e r f e r e n c e  f i l t e r  
I s  v e ry  n a rro w  so  t h a t  I t  a p p ro x im a te s  m onochrom atic  l i g h t  
a n d ,  t h e r e f o r e ,  p e r m i t s  a p p ly in g  B e e r ' s  law .
The c i r c u i t  d iag ram  I s  g iv e n  I n  F ig u r e  33 . The 
p h o t o m u l t i p l i e r  tu b e  was a  DuMont 6291 o f  S -11  r e s p o n s e  
and 90 p e r  c e n t  r e l a t i v e  s e n s i t i v i t y  I n  t h e  ra n g e  430 t  
50 mp. . I t  h a d  a s e n s i t i v i t y  o f  a b o u t  60  am peres  p e r  
lumen and a  c u r r e n t  a m p l i f i c a t i o n  o f  up t o  one m i l l i o n  
de p en d in g  on t h e  t o t a l  v o l t a g e  a p p l i e d .  F iv e  d ry  b a t t e r i e s  
w ere  u se d  f o r  a power s o u r c e ;  any number o f  b a t t e r i e s  c o u ld  
be c o n n e c te d  I n  t h e  c i r c u i t  p r o v id in g  a  maximum v o l t a g e  o f  
1590  v o l t s .  The a c t u a l  v o l t a g e s  o f  t h e  d i f f e r e n t  b a t t e r i e s  
w ere ch eck ed  b e f o r e  t h e  ru n  and  a r e  I n d i c a t e d  I n  F ig u r e  33. 
The o u tp u t  s i g n a l  was t a k e n  a c r o s s  a  5 1 0 0 A  r e s i s t o r  and  f e d  
t o  a S an b o rn  r e c o r d e r .  A sm a ll  c a p a c i t o r  was c o n n e c te d  
be tw een  t h e  r e c o r d e r ' s  l e a d s  I n  o r d e r  t o  e l i m i n a t e  a . c .  
back g ro u n d  n o i s e .  The s i g n a l  was r e c o r d e d  I n s t a n t l y  by 
t h e  r e c o r d e r  w h ich  had  a f u l l  s c a l e  r l s e - t l m e  o f  13 m i l l i ­
s e co n d s  and  a t t a i n e d  80  p e r  c e n t  o f  t h e  f i n a l  f u l l  d e f l e c ­
t i o n  I n  10 m i l l i s e c o n d s .
A c co rd in g  t o  B e e r ' s  law w hich h o ld s  r i g o r o u s l y
l 8 l
I n  c a s e  o f  m onoch rom atic  l i g h t  t r a n s m i t t i n g  th r o u g h  d i l u t e  
n o n i o n iz a b l e  s o l u t i o n s ,  t h e  l o g a r i t h m  o f  t h e  t r a n s m i t t a n c e  
i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  c o n c e n t r a t i o n  o f  t h e  s o l u ­
t i o n  and  i t s  t h i c k n e s s  o r  d e p th .  T h a t  i s  a t  a  c o n s t a n t  
tu b e  t r a v e r s e  d im e n s io n ,
I n ^ j )  = -  ( C o n s ta n t )  C^. (B -1 )
i
w here = i n t e n s i t y  o f  i n c i d e n t  beam
I  = I n t e n s i t y  o f  em erg en t beam 
I  s t r a n s m i t t a n c e
Cjn = a v e r a g e  t r a c e r  c o n c e n t r a t i o n  
a c r o s s  t h e  c r o s s  s e c t i o n  
S in c e  i s  c o n s t a n t ,  t h e  l o g a r i t h m  o f  t h e  i n t e n ­
s i t y ,  I ,  o r  t h e  r e c o r d e d  v o l t a g e  s h o u ld  be l i n e a r l y  
r e l a t e d  t o  t h e  c o n c e n t r a t i o n  p ro v id e d  t h a t  B e e r ' s  law  
a p p l i e s  and  t h a t  t h e  a p p l i e d  v o l t a g e  re m a in s  c o n s t a n t .
The c a l i b r a t i o n  c u rv e s  o f  F ig u r e  34 show s a t i s f a c t o r y  
a g re em e n t  w i th  B e e r ' s  law f o r  d i l u t e  s o l u t i o n s  o f  c o n c e n ­
t r a t i o n s  l e s s  t h a n  0 .1  p e r  c e n t  (by  w e i g h t ) .  They w ere  
d e te rm in e d  u s i n g  s t a n d a r d  s o l u t i o n s  i n  t h e  tu b e  w i t h  t h r e e ,  
f o u r ,  o r  f i v e  b a t t e r i e s  i n  c i r c u i t .  T h is  was done im ­
m e d ia t e ly  b e f o r e  r e c o r d i n g  t h e  p u l s e  r e s p o n s e  t o  a v o id  
e r r o r s  c a u se d  by  b a t t e r y  d e c a y .  A v e ry  s e n s i t i v e  e l e c t r o ­
m e te r  was u se d  f o r  c h e c k in g  t h e  r e c o r d e d  v o l t a g e  o u t p u t ;  
t h e  maximum d e v i a t i o n  be tw een  t h e  r e a d i n g s  o f  t h e  two 
i n s t r u m e n t s  was l e s s  t h a n  4 p e r  c e n t .
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Fig. 3 4  PHOTOMETER CAU BRAT ION CURVES
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W ater f lo w  r a t e  was d e te rm in e d  by c o l l e c t i n g  
t h e  w a t e r  i n  a  g r a d u a t e d  v e s s e l  o v e r  a c e r t a i n  p e r i o d  
o f  t im e .  S u f f i c i e n t  t im e  was a l lo w e d  t o  d e v e lo p  a s t e a d y  
f lo w  t h a t  i s  f r e e  o f  a i r .  A f t e r  c h a r g in g  t h e  p u l s e  i n ­
j e c t o r  w i t h  a  s l u g  o f  2 p e r  c e n t  KMnÔ  ̂ s o l u t i o n ,  t h e  
l e v e r ,  L , was p u l l e d  and  a  r e c o r d i n g  o f  t h e  p u l s e  was 
im m e d ia te ly  o b t a i n e d .
R e s u l t s
The e x p e r im e n ta l  p u l s e  r e s p o n s e  c u rv e  (F ig u r e  35) 
was o b t a i n e d  from  t h e  v o l t a g e  p u l s e  o u t p u t  t r a c i n g  f o r  
Re » 3 7 7 0 , and  t h e  c a l i b r a t i o n  c u rv e s  o f  F i g u r e  34 . The 
p e ak  r e l a t i v e  c o n c e n t r a t i o n ,  (*^n/^o^max^ T a b le  XIV 
was r e a d  o f f  F i g u r e  35.
S in c e  i t  i s  d i f f i c u l t  t o  d e te rm in e  a c c u r a t e l y  
( t o  a  f r a c t i o n  o f  a  se c o n d )  t h e  t im e  e l a p s e d ,  t ^ ,  be tw een  
t h e  i n t r o d u c t i o n  o f  a p u l s e  and  th e  f i r s t  a p p e a ra n c e  o f  
i t s  r e s p o n s e  on t h e  r e c o r d e r ' s  c h a r t ,  Cjjj/C q d a t a  a r e  
r e p o r t e d  i n  T a b le  XV a s  a f u n c t i o n  o f  t - t ^  r a t h e r  t h a n  t ,  
w here  t - t@  i s  t h e  t im e  e l a p s e d  from  t h e  f i r s t  a p p e a ra n c e  
o f  a  r e s p o n s e  s i g n a l .
I t  s h o u ld  be more a c c u r a t e  t o  c a l c u l a t e  t ^  by 
d e te r m i n i n g  th e  mean a x i a l  v e l o c i t y  U^:
t o  = %  (B-2)
E x p e r im e n ta l  d a t a  on t h e  r a t i o  f o r  t r a n s i t i o n  flow
Uo
w ere  r e p o r t e d  by S e n e c a l  (77 )  (F ig u r e  1 6 ) . One c an  a l s o
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compute Uq from  N u n n e r’ s power l a w ,E q u a t io n  ( 4 - 7 ) ,  o r  by th e  
a n a l y t i c a l  I n t e g r a t i o n  o f  Von Karman l o g a r i t h m i c  v e l o c i t y  
d i s t r i b u t i o n  E q u a t io n s  ( 4 - 3 ) and  (4-4) f o r  t h e  b o u n d a ry  
l a y e r  s e c t i o n  and N u n n e r 's  e q u a t io n  o v e r  th e  t u r b u l e n t  
c e r e .  D i f f e r e n t  Uq v a l u e s  o b ta in e d  by t h e s e  d i f f e r e n t  
m ethods a r e  compared b e lo w :
fRS.
From S e n e c a l ’ s d a t a  2 . 4 l 6
B ased  on Von Karman l o g a r i t h m i c  
d i s t r i b u t i o n  law  f o r  th e  b oun d a ry  
l a y e r  and  N unner e q u a t io n  f o r  th e  
t u r b u l e n t  r e g i o n  2 .3 5 5
B ased  on N unner e q u a t io n  f o r  th e  
e n t i r e  c r o s s  s e c t i o n  2 .3 4 2
U sing  S e n e c a l ' s  a c t u a l  d a t a ,  t ^  was c a l c u l a t e d  
a s  1 .2 0 7  se c o n d s  w h ich  i s  t h e  v a lu e  u se d  f o r  d e te r m in in g
th e  t im e  c o o r d i n a t e  i n  F ig u r e  35 .
T re a tm e n t  and  D i s c u s s io n  o f  E x p e r im e n ta l  M ix ing  R e s u l t s
The a x i a l  m ix in g  c o e f f i c i e n t ,  E , can  be  c a l c u l a ­
t e d  from  t h e  p u l s e  r e s p o n s e  d a t a  g iv e n  i n  F i g u r e  35* A
F i c k ' s  ty p e  e q u a t io n  i s  u se d  f o r  d e f i n i n g  E:
= E (B-3)
The s o l u t i o n  o f  t h i s  e q u a t io n  i s  w e l l  known.
L e v e n s p ie l  and  S m ith  (50 )  showed t h a t  i t  can  be r e a d i l y
















Fig. 35 PULSE RESPONSE DATA
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TABLE XIV 
SUMMARY OP EXPERIMENTAL CONDITIONS
R eyno lds  num berj Re 3770
Moody f r i c t i o n  f a c t o r ,  X 0 .0 4 0 2
B ulk  a v e r a g e  v e l o c i t y ,  V 1 .7 7 3  f . p . s ,
T e m p e ra tu re  70°p
I n s i d e  d i a m e t e r  o f  t u b e ,  d 0 .0 2 3 0  f t .
L en g th  o f  t e s t  s e c t i o n ,  L 2 .9 1 7  f t .
L /d  r a t i o  127
P u ls e  t h i c k n e s s ,  X 0 . 0 4 l 7  f t .
S l i t  t h i c k n e s s ,  ^  0 .0 1 0 5  f t .
T o t a l  v o l t a g e  a p p l i e d  1268 v o l t s
C o n c e n t r a t i o n  o f  t r a c e r  s o l u t i o n ,  C^ 2 .0  #




t - t g
Seconds
V o l ta g e
O u tp u t Co
0 4 . 5 0 0
0 . 0 8 4 .3 5 0 .0 0 1 5
0 . 1 2 4 .2 0 0 .0 0 3 0
0 .1 6 3 .8 5 0 .0 1 3 0
0 . 2 0 3 .7 5 0 .0 1 9 5
0 . 2 8 3 . 6 8 0 .0 2 6 0
0 .4 8 3 . 6 0 0 .0 3 0 0
0 . 6 0 3 .6 5 0 .0 2 7 5
0 .7 6 3 .7 0 0 .0 2 3 0
1 .0 0 3 . 8 8 0 .0 1 1 5
1 .0 8 4 .0 0 0 .0 0 7 0
1 .2 4 4 .1 0 0 .0 0 4 5
1 .5 6 4 . 2 5 0 .0 0 2 5
2 .0 0 4 .3 5 0 .0 0 1 6
2 .6 0 4 .4 0 0 .0 0 1 3
3 .2 0 4 .4 5 0 .0 0 1 0





w here  = a v e r a g e  c o n c e n t r a t i o n  o f  t r a c e r  a c r o s s  t h e  
c r o s s  s e c t i o n
Cq = i n i t i a l  t r a c e r  c o n c e n t r a t i o n  i n  t h e  s lu g
X = p u l s e  t h i c k n e s s
V = b u lk  a v e ra g e  v e l o c i t y
L = l e n g t h  o f  t e s t  s e c t i o n
t  = e l a p s e d  t im e  m easu red  from  t im e  o f  t r a c e r  
i n j e c t i o n  i n t o  th e  m ain s t r e a m
s .
Prom t h e  r e s u l t s  g iv e n  i n  F ig u r e  35 one may 
c a l c u l a t e  E u s in g  E q u a t io n  ( B - 4 ) ,
a t  = 1 ,  t  = 1 .6 4 5  se co n d s
^  = 0 .0 29 75  
Co
T h e r e f o r e  ~  = 0 .0 1 8 4
VL
E = 0 .0 9 5 3  f t ^ / s e c  
= 2 .3 3 3
Vd
As p o i n t e d  o u t  by L e v e n s p i e l ,  ^  a t  ~  = 1 i s  p r a c t i -
Cq L
c a l l y  e q u a l  t o  f o r  v a lu e s  o f  s m a l l e r  t h a n
0 . 1 .  The a x i a l  m ix in g  c o e f f i c i e n t  c a l c u l a t e d  from  
(CjVc ) i s  0 .0 9 4  f t . ^ / s e c  Which i s  v e ry  c lo s e  t o*** o nicLX
t h e  above v a l u e .  The skew ness o f  t h e  C - t  c u rv e  o f
F ig u r e  35 i s  w hat w ould  be  e x p e c te d  a t  l a r g e  v a lu e s  o f
VIi
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A x ia l  m ix in g  d a t a  f o r  l i q u i d  f lo w  i n  s t r a i g h t  
smooth p ip e s  a r e  p l o t t e d  a g a i n s t  t h e  f r i c t i o n  f a c t o r , X ,  
i n  F ig u r e  3 6 . I t  i s  e v id e n t  t h a t  t h e  p r e s e n t  r e s u l t  a g r e e s  
v e ry  w e l l  w i th  e a r l i e r  d a t a  due t o  F o w le r  and  Brown ( 2 6 ) . 
T lc h a c e k ,  B aron  and  B arke lew  (91) com puted ~  from  known 
v e l o c i t y  p r o f i l e  and  eddy v i s c o s i t y  d a t a ;  t h e i r  r e s u l t s  
f o r  t h e  t u r b u l e n t  f lo w  o f  l i q u i d s  o f  S chm id t num bers l a r g e r  
t h a n  100 a r e  a l s o  p l o t t e d  i n  F ig u r e  3 6 .
The e f f e c t  o f  i n j e c t i o n  d i s t u r b a n c e s  was more 
d r a m a t ic  when t h e  a u t h o r  a t t e m p te d  t o  u se  t h e  p u l s e  
r e s p o n s e  t e c h n iq u e  i n  l a m in a r  f l o r .  The r e s p o n s e  c u rv e  
was v e ry  i r r e g u l a r  an d  wavy. T a y l o r ’ s c a p i l l a r y  f lo w  
method ( 8 7 ) i s  e v i d e n t l y  more s u i t a b l e  f o r  l a m in a r  f lo w  
s t u d i e s .
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-o FOWLER a  BROWN 
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MOODY'S FRICTION FACTOR, X
F ig .3 6  A X IA L  M IX IN G  DATA FOR L IQ U ID  
FLO W  IN STRAIGHT SMOOTH P IP E S
APPENDIX C
EFFECTS OF PULSE THICKNESS AND SLIT THICKNESS 
ON PULSE RESPONSE IN LAMINAR PLOW
Review an d  S ta te m e n t  o f  Problem  
The m ain  o b j e c t i v e  o f  t h i s  a p p e n d ix  i s  t o  d e t e r ­
mine t h e  d ep en dence  o f  t h e  p u l s e  r e s p o n s e  c u rv e  on p u l s e  
and  s l i t  t h i c k n e s s e s  i n  c a s e  o f  l a m in a r  f lo w .  The e f f e c t s  
o f  R ey no lds  num ber, l e n g t h - d i a m e t e r  r a t i o ,  and  Schm id t 
num bers a r e  a l s o  i n v e s t i g a t e d .
Tube l e n g t h  and  d i f f u s i o n  t im e  a r e  assum ed s h o r t  
enough  t h a t  m o le c u la r  d i f f u s i o n  may be c o n s i d e r e d  t o  have  
a  n e g l i g i b l e  e f f e c t  on t h e  r e s p o n s e  c u rv e .  I n  o t h e r  
w o rd s ,  c o n v e c t iv e  e f f e c t s  o n ly  a r e  c o n s id e r e d  h e r e .
T a y lo r  ( 8 7 ) s u g g e s te d  t h a t  m o le c u la r  d i f f u s i o n
e f f e c t  s h o u ld  n o t  be n e g l e c t e d  i f  i s  l a r g e r  t h a n  t h e
Uq
t im e  n e c e s s a r y  f o r  r a d i a l  c o n c e n t r a t i o n  v a r i a t i o n s  t o  d i e  
down t o  l / e  o f  t h e i r  i n i t i a l  v a l u e .  T h is  c o n d i t i o n  i s :
2 8 . 8Dm
L = Tube l e n g t h ,
Dj  ̂ = M o le c u la r  d i f f u s i v i t y  o f  t r a c e r  m a t e r i a l  i n  
t h e  m ain  s t r e a m
V = A verage b u lk  v e l o c i t y
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d = P ipe  d i a m e t e r  
He a l s o  p ro p o se d  t h a t  f o r  e x t r e m e ly  lo n g  d i s p e r s i o n  t im e s  
s a t i s f y i n g  E q u a t io n  C -1 ,  t h e  o v e r a l l  a x i a l  m ix in g  c o e f f i ­
c i e n t  f o r  l a m in a r  f lo w  i s :
E =_ ( c - 2 )
I n  a  l a t e r  p a p e r  ( 8 9 ) ,  T a y lo r  p o i n t e d  o u t  t h a t  l o n g i t u d i ­
n a l  m o le c u la r  d i f f u s i o n  may be n e g l i g i b l e  com pared  t o  E , 
i f
# > > 6 . 9  (C-3)
m
P a r r e l  and  L eonard  (2 4 )  showed t h a t  t h e  a x i a l  m o le c u la r  
d i f f u s i o n  e f f e c t  c o u ld  be c o n s id e r e d  n e g l i g i b l e  when 
Schm id t number i s  g r e a t e r  th a n  0 .4 3 4 .  T h is  c o n d i t i o n  i s  
s a t i s f i e d  i n  m ost l i q u i d s  and g a s e s .
F o w le r  and  Brown ( 2 6 ) s t u d i e d  c o n ta m in a t io n  by 
s u c c e s s iv e  f lo w  i n  l a m in a r  p ip e  f lo w .  They d e r i v e d  t h e  
f o l lo w in g  e x p r e s s i o n  f o r  t h e  c o n ta m in a te d  p o r t i o n  a s  a  
f r a c t i o n  o f  p ip e  volume assum ing  n e g l i g i b l e  m o le c u la r  
d i f f u s i o n  e f f e c t :
1
2 (G-4)
where (C ^)^  and ( 0^ ) ^  a r e  t h e  mean c o n c e n t r a t i o n s  a t  t h e  
b o u n d a r i e s  o f  t h i s  c o n ta m in a te d  l e n g t h .  T h is  was a  s t e p  
f u n c t i o n  s tu d y  t h a t  d i d  n o t  d e a l  w i th  s l i t  o r  p u l s e  t h i c k ­
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n e s s .  M cM aster (57 )  s t u d i e d  th e  e f f e c t  o f  p u l s e  shap e  
on t h e  r e s p o n s e  c u rv e  a ssu m in g  n e g l i g i b l e  d i f f u s i o n  e f f e c t . 
He d e a l t  w i th  d i s c ,  b u l l e t  ( p a r a b o l o id )  a n d  p e n c i l  sh aped  
im p u ts .  S l i t  and  p u l s e  t h i c k n e s s e s  w ere  assum ed th e  same 
i n  c a s e  o f  t h e  d i s c  o r  s q u a r e  p u l s e  im p u t .  One o f  
M cM aster*s f i n d i n g s  was t h a t  none o f  t h e  im p u ts  gave  a  
r e s p o n s e  t h a t  a g r e e s  w i th  B o sw o r th ’s  a n a l y t i c a l  r e s u l t  
f o r  r e s i d e n c e  t im e  d i s t r i b u t i o n  i n  l a m i n a r  f lo w  o f  n e g l i ­
g i b l e  m o le c u l a r  d i f f u s i o n  e f f e c t  ( 9 ) .
D evelopm en ts  and  C o m p u ta t io n s  
D e r i v a t i o n s
A u n i fo rm  s l u g  o f  t r a c e r  o f  t h i c k n e s s  X i s  i n t r o ­
duced  i n  l a m i n a r  f lo w  o f  maximum a x i a l  v e l o c i t y  and  
a v e ra g e  b u lk  v e l o c i t y  V. T r a c e r  c o n c e n t r a t i o n  i s  m easu red  
th ro u g h  a  s l i t  h o le  o f  t h i c k n e s s  S . T h is  may be a c c o m p l i s h ­
ed  by means o f  a  p h o to m e t r i c  o r  r a d i o a c t i v e  d e t e c t i n g  
d e v ic e  t h a t  d e te r m in e s  c o n t i n u o u s l y  t h e  a v e r a g e  t r a c e r  
c o n c e n t r a t i o n  i n  t h e  s l i t  s e c t i o n  o f  t h e  t u b e .
I n  a b s e n c e  o f  m o le c u l a r  d i f f u s i o n , t h e  t r a c e r  
s l u g  s h o u ld  s p r e a d  i t s e l f  i n  t h e  fo rm  o f  a  p a r a b o l o i d  
sh ap ed  e n v e lo p e .  The f i r s t  d e t e c t i o n  o f  a n y  t r a c e r  i n  
th e  s l i t  i s  when t h e  a p e x  o f  t h e  o u t e r  p a r a b o l o i d  r e a c h e s  
t h e  s l i t .  T h is  i s  f o l lo w e d  by o t h e r  s t a g e s  a s  t h e  t r a c e r  
s l u g  p r o g r e s s e s  th ro u g h  t h e  tu b e  a s  i l l u s t r a t e d  i n  F ig u r e  
37 .
One may e x p r e s s  t h e  p u l s e  t h i c k n e s s ,  X, and  s l i t
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t h i c k n e s s ,  5“ , I n  d im e n s io n l e s s  fo rm ;
X
q = L (C-5)
m = ^  (C-6)
I t  c an  be r e a d i l y  s e e n  t h a t  t h e  t im e  b o u n d a r i e s  o f  th e  
d i f f e r e n t  c a s e s  i l l u s t r a t e d  i n  F ig u r e  37 a r e
CASE A: 0 <
CASE B: k .  I
Uo
CASE C: k .  1
Uo
CASE D: k .  1
Uo
CASE E: t  >










( c - i o )
( c - 1 1 )
( a )  The e f f e c t  o f  m o le c u la r  d i f f u s i v i t y ,  D , on 
th e  C - t  d ia g ra m  i s  n e g l i g i b l e .
(b )  X ^  5 ,  L » X
One may p ro c e e d  now t o  d e te rm in e  th e  volume 
and  c o n c e n t r a t i o n  o f  t r a c e r  i n  t h e  s l i t  a t  any  t im e  by 
e x p r e s s in g  t h e  p a r a b o l o i d ' s  volume i n  te rm s  o f  f l u i d  
v e l o c i t y  an d  e l a p s e d  t im e .
CASE A:
t  <  ^  ( l - q -m )  (C-7)
Uo
^  = 0 (C -12)
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w here I s  t h e  a v e r a g e  c o n c e n t r a t i o n  o f  t r a c e r  I n  t h e  
s l i t  s e c t i o n ,  Cq I s t h e  I n i t i a l  t r a c e r  c o n c e n t r a t i o n  I n  
t h e  s l u g .
CASE B:
F o r  l a m in a r  f lo w .
X = Ut = Ugt (1 -
a2
X — L — 5 — X





w here  r  I s  t h e  r a d i u s  o f  I n t e r s e c t i o n  o f  t h e  I n n e r  s l i t  
p l a n e  w i th  t h e  s o l i d  p a r a b o l o i d  s u r f a c e  and  a  I s  t h e  
r a d i u s  o f  t h e  t u b e .
The volume o f  t h e  t r a c e r  p a r a b o l o i d  c o n ta in e d  
w i t h i n  t h e  s l i t  I s  ^  TTr̂ B. w here H I s  t h e  h e i g h t  o f  t h e  
p a r a b o l o i d .
H = U^t -  L f  X f & (C -16)
The a v e ra g e  c o n c e n t r a t i o n  o f  t r a c e r  w i t h i n  t h e  s l i t  can  
th e n  be e x p r e s s e d  a s  f o l lo w s
2
C_ = Tra
U o t_  _J^t -  L +  X -h 5 Cg
(c-17)
and  c o n s i d e r i n g  t h a t  q = ^  and  m = ^ ,  t h e n .
+  m - ] ]  \ l  -  ^  ( 1 - m - q ^ (C -18)
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f o r




The t r a c e r  volume i n  t h i s  c a s e  i s  a  t r u n c a t e d
1 2  2 p a r a b o l o i d  whose volume i s  iTTé'Cr^ rg  ) w here  r ^
and  r g  a r e  t h e  r a d i i  o f  i n t e r s e c t i o n  w i th  th e  i n s i d e
and  o u t s i d e  p l a n e s  o f  th e  s l i t  s e c t i o n  r e s p e c t i v e l y .
1 _
Uot _ j (C-19)
= a 1 - fL-Xl (C -20)





f o r  t h e  p e r i o d
^  ( l - q )  <  t  ~  ( l -m ) (C-9)
CASE D:
The volum e o f  t r a c e r  c o n t a i n e d  w i t h i n  t h e  s l i t  
com partm en t i s  t h e  d i f f e r e n c e  b e tw e e n  a p a r a b o l o i d  
segm ent and  a  s m a l l e r  p a r a b o l o i d .  A d i m e n s io n le s s  con ­
c e n t r a t i o n  Cjjj/C^ c an  be d e r i v e d  f o l l o w i n g  a  p r o c e d u re  
s i m i l a r  t o  t h a t  d e s c r i b e d  above
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2Uot I f
è s t - V :
- 2L + 2X +  5
Uot -  L + 6
0 -
2 V  I TTP
L |2 U o t +  2q +  m-=]-
o" —I
(C-23)
(0 -2 4 )
w here
^  ( l -m )  <  t < i _ (0- 10)
OASE E:
I n  t h i s  c a s e  t h e  t r a c e r  volume w i t h i n  t h e  s l i t  
I s  t h e  d i f f e r e n c e  b e tw een  two p a r a b o l o i d  seg m en ts  w hich  
e q u a l s
2 2v / 2 2,
r g ,  r ^  an d  r^  ̂ c an  be e x p r e s s e d  a s  f o l lo w s
L = Uot ^  -  - î g  j  
L -  5 = Uot ( l  -
L -  X = Uot (1  -  _ 1 _  
* &2






I t  f o l lo w s  t h a t
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1 _ +  1 _ L ( l -q -m )
" ^  UotUot
1 -
w hich  re d u c e s  t o




t  > Ur (C-11)
S in c e  t h e  a c t u a l  amount o f  i n j e c t e d  t r a c e r  
i n c r e a s e s  a s  X i n c r e a s e s ,  s h o u ld  be c o r r e c t e d
f o r  su c h  v a r i a t i o n s  i n  t h e  t o t a l  amount o f  t r a c e r  i n ­
j e c t e d .  I f .  A p r e f e r r e d  d im e n s io n le s s  c o n c e n t r a t i o n  i s  
C m -  
X
where
C-. = t h e  a v e ra g e  c o n c e n t r a t i o n  o f  t r a c e r  i n  t h e
s l i t
y  = Cq XA = t o t a l  amount o f  t r a c e  i n t r o d u c e d  
r e g a r d l e s s  o f  t h e  m ag n itud e  o f  X.
A = a r e a  o f  t h e  tu b e  c r o s s  s e c t i o n
■p- = LA = volume o f  tu b e  t e s t  s e c t i o n
Cm"^_ Cm
(C-32)
E q u a t io n  (C -31) f o r  Case E can  be w r i t t e n  a s  f o l lo w s :
-1
Cm^ _ Cm _ 1 /  Vt \
—  ^  -  2 l - r j  (C-33)
I n  o t h e r  w o rd s ,  a t  c o n s t a n t  f  , t h e  d im e n s io n le s s  co n cen -
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t r a t l o n  i s  In d e p e n d e n t  o f  p u l s e  o r  s l i t  d im e n s io n s
f o r  a l l  v a lu e s  o f  t  >
Uq
C o m p u ta t io n a l  R e s u l t s  
The e q u a t i o n s  d e r i v e d  above f o r  t h e  r e l a t i v e  
c o n c e n t r a t i o n  Oĵ C q w ere  programmed f o r  d i g i t a l  com p u te r  
c o m p u ta t io n  a t  d i f f e r e n t  v a lu e s  o f  V, L , X and  S  . T a b le  
XVI l i s t s  t h e  d i f f e r e n t  c o m p u ta t io n a l  ru n s  made. R eyno ld s  
number v a r i e d  from  10 t o  1000 f o r  a i r  and  w a t e r  f lo w .  Tube 
d i a m e te r  was h e l d - a t  2" i n  a l l  r u n s .  Run number 603 i s
th e  c o n t r o l  ru n  w i th  w hich  o t h e r  ru n s  may be com pared .
A cco rd in g  t o  T a y lo r  ( 8 7 ) ,  a x i a l  m ix in g  i n  l a m in a r  f lo w  
s h o u ld  n o t  be c o n s i d e r e d  p u r e l y  c o n v e c t iv e  i f ;
^ 28^8Dm (C-1)
Which can be w ritten  as
Re Sc (0 -3 4 )
A t y p i c a l  v a lu e  o f  S chm id t number f o r  l i q u i d s  
i s  1 00 0 ; f o r  g a s e s  i t  c an  be  t a k e n  r o u g h ly  e q u a l  1 . 
T h e r e f o r e ,  f o r  l i q u i d s :
3 »  35 He (0 -3 5 )
and  f o r  g a s e s
I  »  0 .035  Re (C-36)
TABLE XVI
VALUES OP PARAMETERS USED IN DIFFERENT COMPUTATIONAL RUNS
Run
















d .035  Re Sc
601 A ir 10 2 5 0.01 1 0.01667 1 /4 .004167 30 0.35
602 A ir 100 2 5 0.1 1 0.01667 1 /4 .004167 30 3.5
603 A ir 1000 2 5 1 .0 1 0.01667 1 /4 .004167 , 30 35
6o4 Water 10 2 . 5 ( 6 . 5 ) ( i o “ ^) 1 0.01667 1 /4 .004167 30 350
605 Water 100 2 5 0.0065 0.01667 1 /4 .004167 30 3500
6o6 Water 1000 2 5 0.065 1 0.01667 1 /4 .004167 30 35000
701 A ir 1000 2 100 1 .0 1 (8 . 33) ( io " 4 ) 1 /4 ( 2 . 08) ( 10"^) 600 35
702 A ir 1000 2 10^ 1 .0 1 ( 8 .3 3 ) ( 1 0 ‘ ^) 1 /4 ( 2 . 08) ( 10"^) 60000 35
8 o i A ir 1000 2 5 1 .0 1 0,01667 1/32 ( 5 .2 1 ) ( 1 0 - 4 ) '  30 35
802 A ir 1000 2 5 1 .0 1 0.01667 1 /2 ( 8 .3 3 ) (10"3) 30 35
901 A ir 1000 2 5 1 .0 1 /2  ( 8 .3 3 ) ( 1 0 - 3 ) 1 /4 .004167 30 35
902 A ir 1000 2 5 1 .0 2 ( 3 . 333) ( 1 0 - 2 ) 1 /4 .004167 30 35
903 A ir 1000 2 5 1 .0 0.25 0 .0 0 4 1 6 7 1 /4 .004167 30 35
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As shown I n  T a b le  XVI t h e  a s s u m p t io n  o f  n e g l i ­
g i b l e  m o le c u l a r  d i f f u s i o n  e f f e c t  i s  v a l i d  f o r  a l l  com­
p u t a t i o n a l  r u n s  e x c e p t  ru n s  number 6 0 1 , 6 0 2 , 701 and 
702.
The com puted r e s p o n s e  d a t a  a r e  p r e s e n t e d  i n
F ig u r e s  3 8 , 3 9 , and 4 0 . The r e s u l t s  are  p lo t t e d  as
|Cm\ v e r s u s  YË; w here
V po/equiv . L
= th e  p u lse  th ic k n e s s  in  c a se  o f  th e  
c o n tr o l  run ( l  in c h )
The p u rp o s e  o f  p l o t t i n g / ^ ]  r a t h e r  t h a n  £S! i s  t o
Voy e q u i v . Cq
be a b le  to  compare th e  d i f f e r e n t  runs a t  a  f ix e d  t o t a l  
amount o f  t r a c e r  in tr o d u ce d
Co A XgQ3 (0-38)
I n c l u d i n g  t h e  s l i t  and  p u l s e  t h i c k n e s s e s  a s  p a r t
o f  t h e  t e s t  s e c t i o n  r e s u l t s  i n  a  n e g l i g i b l e  t im e  t r a n s ­
l a t i o n  o f  t h e  a s c e n d in g  p o r t i o n  o f  t h e  r e s p o n s e  c u rv e s  
b u t  h a s  no e f f e c t  on t h e i r  sh a p e .
D is c u s s io n  o f  R e su lts  
The resp o n se  c u r v e , p lo t t e d  on d im e n s io n le s s  
c o o r d in a te s ,  r i s e s  a lm ost in s t a n t ly  to  sh arp  peak and th en  
d e c l in e s  s lo w ly  (F ig u re  38) .  The h e ig h t  o f  th e  peak  
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Fig. 4 0  EFFEC T OF S U T  TH IC K N E S S  ON 
P U L S E  RESPO NSE
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g l b l e  e f f e c t  on t h e  r e s t  o f  t h e  c u rv e .  The d e c l i n i n g  
p o r t i o n  I s  a l s o  In d e p e n d e n t  o f  R eyno lds number and  ty p e  
o f  f l u i d .  Tube l e n g t h  I s  by f a r  t h e  m ost Im p o r ta n t  
v a r i a b l e  a f f e c t i n g  t h e  r e s p o n s e  c u rv e  (Run #  7 0 1 ) .
T h is  r e s u l t  o b t a i n e d  f o r  a  p a r a b o l i c  v e l o c i t y  
d i s t r i b u t i o n  c o u ld  be e x p e c te d  t o  a p p ly  I n  g e n e r a l  t o  
t u r b u l e n t  f lo w .  I t  may s u g g e s t  t h a t  f o r  t u r b u l e n t  f lo w  I n  
s h o r t  p ip e s  one may u se  t h e  d e v i a t i o n  o r  th e  v a r i a n c e  
r a t h e r  t h a n  t h e  peak  o f  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  
c u rv e  t o  o b t a i n  a x i a l  m ix in g  and  r e s i d e n c e  t im e  d i s t r i ­
b u t i o n  d a t a  t o  e l i m i n a t e  t h e  e f f e c t s  o f  p u l s e  and  s l i t  
t h i c k n e s s e s  on th e  r e s u l t s .
The e f f e c t s  o f  s l i t  and  p u l s e  t h i c k n e s s e s  on th e  
r i s i n g  p o r t i o n  o f  t h e  r e s p o n s e  c u rv e  a r e  shown I n  F i g u r e s  
39 and  4o w hich  a r e  s e m l l o g a r l t h m l c  p l o t s  o f  expanded  
t im e  s c a l e .  F o r  th e  same amount o f  I n j e c t e d  t r a c e r ,  a  
d e c r e a s e  I n  p u l s e  t h i c k n e s s  r e s u l t s  I n t o  a  h i g h e r  p eak  
c o n c e n t r a t i o n .  I n c r e a s i n g  t h e  s l i t  t h i c k n e s s  h a s  t h e  
same e f f e c t .
One s h o u ld  b e a r  I n  mind t h a t  t h e  C - t  r e s p o n s e  
c u rv e  o b t a i n e d  from  an  I n j e c t e d  s l u g  i s  n o t  t h e  same 
a s  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n ,  f o r  t h e  l a t t e r  c o u ld  
be  o n ly  o b t a i n e d  I n  t h e  h y p o t h e t i c a l  c a s e  o f  f l u i d  p a r t i c l e s  
t u r n i n g  I n t o  t r a c e r  o v e r  a n  I n f i n i t e s i m a l  t im e  a t  t h e  
r e a c t o r  i n l e t .  A n o th e r  way o f  s a y in g  t h i s  I s  t h a t  a  p la n e  
o f  t r a c e r  a p p e a r s  I n s t a n t l y  a t  t h e  r e a c t o r  I n l e t ;  e ac h
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r a d i a l  e le m e n t  o f  t h i s  p la n e  t r a v e l s  w i th  t h e  l o c a l  mean 
v e l o c i t y .  I n  t u r b u l e n t  f lo w ,  t h e  u s u a l  p u l s e  r e s p o n s e  
seems t o  a p p ro x im a te  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  
b e c a u se  o f  t h e  e f f e c t s  o f  t u r b u l e n t  random ness and  eddy 
d i f f u s i o n .
A n o th e r  I m p o r ta n t  p o i n t  h e r e  I s  t h a t  I t  I s  n o t  
p e r m i s s i b l e  t o  a p p ly  a  F l c k l a n  d l f f u s i o n - t y p e  model t o  
a x i a l  m ix in g  I n  s h o r t  p i p e s  o f  n e g l i g i b l e  m o le c u l a r  
d i f f u s i o n  e f f e c t  b e c a u se  t h e  c o n c e n t r a t i o n  d i s t r i b u t i o n  
w i th  r e s p e c t  t o  x I s  n e i t h e r  G a u s s ia n  n o r  s y m m e t r ic a l .  
T h e r e f o r e ,  one c o u ld  no l o n g e r  u se  t h e  o v e r a l l  a x i a l  
m ix in g  c o e f f i c i e n t .  A x ia l  m ix in g  s h o u ld  be e x p r e s s e d  
by a  c o n ta m in a te d  l e n g t h  a s  p ro p o s e d  by F o w le r  and  Brown 
( 26 ) .  The r e s u l t s  r e p o r t e d  h e r e  ( F ig u r e  3 8 ) a r e  s t i l l  
a  t r u e  r e p r e s e n t a t i o n  o f  a x i a l  m ix in g  due t o  t h e  con­
v e c t i v e  e f f e c t .  They show t h a t  t h e  d e g re e  o f  m ix in g  I n  
l a m in a r  f lo w  I s  In d e p e n d e n t  o f  R ey no ld s  number an d  p r o ­
p o r t i o n a l  t o  p ip e  l e n g t h ; b o th  r e s u l t s  w ere  a r r i v e d  a t  by 
F ow ler and  Brown.
S in c e  t h e  d l f f u s l o n - t y p e  m odel d oes  n o t  a p p ly  
h e r e ,  one s h o u ld  o b t a i n  a n  I n v a l i d  r e s u l t  by a t t e m p t i n g  
t o  o b t a i n  a n  a x i a l  m ix in g  c o e f f i c i e n t  u s in g  an  e x p r e s s i o n  
due t o  l e v e n s p i e l  and  Sm ith  ( 5 0 ) :
1
\ Y / v t  2 JW\
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and  from  E q u a t io n  (C - 3 3 ) ,  f o r  n e g l i g i b l e  d i f f u s i o n  e f f e c t .
o r :
I e '  s- (0 -4 1 )
E q u a t io n  (C -42) shows t h e  l o n g i t u d i n a l  d i s ­
p e r s i o n  number In d e p e n d e n t  o f  a l l  f lo w  v a r i a b l e s  and  
s o l e l y - a  f u n c t i o n  o f  t h e  l e n g t h - d i a m e t e r  r a t i o
E = ^  (0 -4 3 )
As e x p e c t e d ,  a p p ly in g  t h e  F l c k l a n  model t o  compute an  
a x i a l  m ix in g  c o e f f i c i e n t  g i v e s  e x c e e d in g ly  l a r g e  and  
u n r e a l  v a l u e s .
APPENDIX D
TEST OP DEPENDENCE OP TURBULENT 
DIPPUSIVITY ON MOLECULAR 
DIPPUSrVITY
I n  C h a p te r  I I  t h e  depen d en ce  o f  t u r b u l e n t
d i f f u s i v i t y  on m o le c u la r  d i f f u s i v i t y  was t e s t e d  by 
a
show ing t h a t  —  c o r r e l a t e s  w e l l  w i th  R eyn o lds  number
f o r  a l l  t h e  sy s te m s  exam ined d e s p i t e  a  v a r i a t i o n  i n  Dm
by a  f a c t o r  o f  10^. i t  was a l s o  shown t h a t  t h e  i n t r o ­
d u c t i o n  o f  th e  m o le c u la r  d i f f u s i v i t y  a s  a v a r i a b l e  
p ro d u c e s  no c o r r e l a t i o n .
The t e s t  i s  b a se d  on t h e  f o l lo w in g  a n a l y s i s .  
E q u a t io n  (D -1) i s  a g e n e r a l  e q u a t io n  f o r  t h e  c a s e
when a  and D_ a r e  c o r r e l a t e d :  c m
^  ^  ^  ( D - i )
Where Y « the t o t a l  la t e r a l  d isp ers ion  or the observed  
variance o f  the concentration  d is tr ib u t io n ;  2 Ÿ.
lu V
i s  a  te rm  t h a t  a c c o u n ts  f o r  p o s s i b l e  d e p en d e n ce  o f
t u r b u l e n t  d i f f u s i v i t y  on m o le c u l a r  d i f f u s i v i t y .
- -I n  C h a p te r  I I ,  i t  was shown t h a t  a s  o b t a i n e d  
from  E q u a t io n  (D -2) i s  t h e  same a t  t h e  same Re and f o r  
a l l  t h e  sy s te m s  exam ined r e g a r d l e s s  o f  t h e i r  m o le c u la r
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d i f f u s i v i t y .
4  =  ̂ % (D-2)
—?
The u se  o f  h e r e  r a t h e r  th a n  Y I s  p e r m i s s i b l e  b e c a u se  
th e  t u r b u le n c e  I s  n o n d e ca y in g
U_ .  ^
«c = r ^  (3 -3 8 )
E q u a t io n  ( 3 - 3 8 )  a p p l i e s  when x  I s  l a r g e  enough t h a t  * o.
F o r  a l l  sy s te m s  w here  was l e s s  th a n  3 p e r  
c e n t  o f  a ^ ,  Y and Y^ w ere  assum ed e q u a l  s i n c e  t h e  d a t a  a r e  
n o rm a l ly  I n  e r r o r  by more th a n  3 p e r  c e n t .  A c o r r e c t i o n  
f o r  Yjjj was made f o r  a l l  sy s te m s  o f  h i g h e r  m o le c u la r  
d l f f u s l v l t l e s . The r e s u l t  s u p p o r t s  E q u a t io n  (D -2 ) ;  t h a t  
I s ,  no I n t e r a c t i o n  b e tw ee n  t u r b u l e n t  and m o le c u la r  d l f f u ­
s l v l t l e s  o v e r  D™2 r a n g in g  from  4 .6  x  10”^ t o  9 .6  x  lO” ^
p
f t .  / s e c .  and Schm id t numbers r a n g in g  from  0 .7 2  t o  2341.
